NH system as departure from HY system.
Unification of HY and NH code.

Jozef Vivoda, SHMU/LACE

December 6, 2019

Abstract

Currently HY and NH dynamical cores forms two different worlds
in the dynamical core. Recently Voitus showed that the spectral com-
putations of NH model can be treated as departure from HY model.
The same approach can be adopted for all grid point computations.
We can introduce new quantity e that will control non-hydrostaticity
of dynamical core (e = 1 NH core, ¢ = 0 HY core).
€ can be vertically dependent. It allow us to supress non-hydrostatism
close to model top where vertical resolution is too coarse to properly
sample NH processes. NH close to model top causes problems with
stability for years.

In this memo I formulate model with ¢ and I propose reformulation of
dynamics.

1 Methodology

Our aim was to introduce control paramatere ¢ = ¢(n) in such a way that
we can control hydrostaticity in upper part of model domain. The way how
to define such parameter is not unique. We require that for ¢ = 0 system
will be hydrostatic in whole domain and for ¢ = 1 system will provide non-
hydrostatic solution. The mixed state in between is not physically defined,
it can be any system that satisfies limit cases.

Our first attempts were based on the fact that we have hydrostatic pres-
sure 7 available in our system. In the case of HY model the true pressure
p = m. In NH model, the true pressure p is defined via diagnostic relation
p = med and the time change of true pressure Ccth = p is given
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Natural idea how to control hydrostaticity is to limit values of ¢ in one

of the following ways



1. p=me™
2. p:7T+67r(e‘j—1).

However, it can be easily showed that such definitions leads to singular-
ity when ¢ = 0. Prognostic euation for ¢ than becomes diagnostic one for
D3 term that appears in equation for 7'.

Therefore we look for different way to introduce parameter . We finally
found the way that we present in this report. It would be difficult to give
explanation with physically relevant reasoning.

2 Nonlinear model

~

We use prognostic quantities of model ALADIN ¢, T, qs = In(ns),w,§ =
In(2).

We start with the definition of mass coordinate 7 (lets call it hydrostatic
pressure in the presence of gravity)

0¢  RT
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We rewrite definition of 7 in n and we introduce e parameter that controls
NH part of relation.
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Evolution of T is defined in the following way
dT T RT
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dt T Co

The reason why the square €2 appears in T equation will become clear

during elimination of SI linear system. Such definition allows to keep max-
imum consistency with already existing system.

D;. (4)

Evolution of ¢ is defined as
dq Cp w
— =—€e|—=D3+—|. 5
dt ‘ (cv 3 7T> (5)

Horizontal momentum equation in non-rotating frame (coriolis terms not
included) in 7 coordinate gives



i _ _RTYr _ g o
e (~RTVq— (L% -1) Vo)

We would like to emphasize at this moment that term (%g—z - ) ﬁgﬁ

is highly nonlinear ans it has no equivalent terms in current SI operator.
There is hidden NH term inside V¢ as computation of geopotential itself
contains € parameter (see [11]).

Vertical momentum equation gives
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in both equations above %g—z —1=el—1+ %g—z.

We use prognostic quantity d in spectral space due to stability reasons
(the same reasons why we use horizontal divergence and vorticity instead
wind components). If we introduce ¢ in the previous way into w equation
than nonlinear evolution of d is given by equation

dd 0| 190p—m
— = —g2L— e—L + .. (8)
dt mRT On | m On

We write only leading vertical laplacian term, which has conuterpart in
SI system. For complete equation see documentation of NH equation [2.37].

The question to be exploited is, if so called X-term shall also involve €
or not.Remanins to be explored.

Following set of equations summarizes our nonlinear system.
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Black terms are HY system and red terms represents NH increment to
original HY system. When ¢ = 0 we obtain hydrostatic set of equations.

The system is closed with diagnostic relations
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The paramater €3 is applied X-term and it has no counterpart in SI linear
System.

3 Linear mode and elimination of variables I.

When [9] is linearized around bi-isothermal, resting, horizontally homogen-
nous state defined by T, T,*ws* we obtain following set of linearized equa-
tions
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9 = —ec (D+d) +eS*D

The operators S*, G*, N*, L} are defined as

G'X = [ ™ Xdy

S*X = #fg'm*an
N*X = L [Fm*Xdy
LiX = 28 le(Zg+1)]x

Here we perform detailed elimination assuming that parameter ¢ = ¢(n)
can vary in vertical.



We apply time derivatie on D equation and we take into account that
¢s, €, T*, R are time indepenedent. I work with the assumption that € is
inside geopotential integral in NL system.

ED - pae s Rrad s RG-S ()
and we subsitute from [38]. We obtain
D _  _RGA {—KT*S*D + e [/@T*S*D _ BT (py d)] }
ot? Cy
—RT*A{-N*D} (16)

FRTH(G* — 1)eA {—e%(p +d)+ eS*D}
after manipulation and taking into account gH* = RT™ we can write
22 — g G {-kS"AD + & [kS*AD ~ J(AD + Ad)| |
—gH* {~N*AD} (17)
FgH (G* — 1)e {—eg—’:(AD +Ad) + eS*AD}

After additional manipulation we obtain

D = gH*kG*S*AD + gH*N*AD
—gH*kG*e2S*AD
+gH* £ G*EAD + gH* EG*EAd
—gH* @ G*EAD + gH* G AD
—gH*%G*EQAd + gH*g—Z62Ad
+gH*G*e2S*AD — gH*e?S* AD.

First two terms are HY terms. Additional terms are NH departure and

no i *2 _ Cp pp S _ R _ R _1_GC
taking into account c¢** = o RT and o o =1 and c, = 1 on

8D = gH*kG*S*AD + gH*N*AD
Tl (G:Ge8* — Ge2 — 287) AD
P
gl (HLGres* - LG s + &N - EN) AD - (19)
+c*22AD
+(—gH*G* 4 ¢*?)2 Ad



We showed already in 2006 (report of Vivoda) that
1 =G SX-G'X-S"X+NX=0

has analogous relation when vertically dependent function 7 is considered

0
fi= G r(n)S*X — G ()X — T()S*X + 7 N*X = G*% g;”)s*x.
(20)
In order to employ previous relation we added red terms in [44]. After
manipulations and using [45] with 7 = €2 we obtain
9D = gH*(kG*S* +N*)AD

+ [gH* (A} — KG*e?S* — €2N¥) + 6*262] AD (21)
+(—gH*G* + ¢33 Ad

The same procedure we repeat with equation for vertical divergence

o4 = oL (—gH*eS* + ) D+ ¢? L Licd (22)

with r = %, *? = 2 RT* and H* = 8L~
Ccy g

We can noticed that for ¢ = 0 we obtain from [46] HY Helmholtz equation

2D — gH* (kG*S* + N*)AD (23)

and for the ¢ = 1 NH equation as reported by Benard (NH documenta-
tion).
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When system is discretized in time and in vertical direction, we can
follow steps reported in Voitus report. Our implicit system to be solved is

ds — 5t (—N*m2D) = {4sRHS
T — 6t {—HT*S*mQD t e [mT*S*m2D — BT (2D 4 d)} } — Trus
D — 6t [~-RG*AT — RT*Aqy — Ay + RT*(G* — 1)eA4] = Drps
d—6t (—=Lyd) = drns
qg— ot [—eg—’;(mQD +d)+ GS*m2D} = qJRrHS-

(25)



We introduced map factor m to keep consistency with Voitus.

We first adopt operators introduced in his report

GiX = I-2G'X
P

SiX = I-28'X

LyX = —oLiX

The opeator L;* is vertically discretized version of continuous operator

Lo (x
rH*2 m* On ‘ m* on

We can rewrite our system [50] using previous operators as

D = [¢?Bpy +cH(E1+Cy — By)| AD
+c*2Gxe2 Ad (26)
9d = 2LeSED + *Lied

With C; = —E—ZA{ and By = i—; (kG*S* + N*) and By, = i—: (K,G*GQS* + E?N*).
We have to realize that C; in our case is discretized version of
C
Ci=g [G*e’S*X — G*e’X — €S*X + &2 N*X] .
P
When we assume also that the system is discretized in time we obtain
equivalent of equations (9) and (10) from report of Voitus,

[I—6t>c*Bpyy — 6t2c**(?2I1+ Cy — By)] m2AD
—0t?c2GEe2Ad = D (27)
[I—6t2c*Li*e] d — §t*c*L*eS;D = d°

with (11) and (12) of Voitus being modified as

T
D*® = Dgys — 0tRT*A |(I1 — G*)eGrus + G* gfjs + 4srus (28)

and

d®* = drps — 0tRT*L} 4rus. (29)

When we define vertical new vertical operator as



H =1 — 6t2c L e
and we modify (14) from Voitus as
d=H"" [d' + 57520*2L;*ES§D} .

then we obtain

[I—6t>c?Byy — 62 A(1+ C1 — By)| m?D =

D® + §t2c? AGEPHE ! [d® + 6t2c*?L*eSED] =

D** 4 5t AGHHE LS m2 D

with
D** = D* + 6t > AGLEHE T d°.
Resulting Helmholtz equation then yields

[1-6BA| D = D**
with

B = [Byy + (14 C1 - By + 02 G H -

It can be shown that NH part can be rewritten as

AL+ Cp — By + 6t2c¢2Gr?H LS =
I+ Cp— By + GEH: (1 - H)S: =
I+ Cp — By + GEPH:E 1S — Gre?SE =

CL+ @GS — G Gre? — QST 4 N

— @ G*e28* — @ 2N*

Cp Cp
2
—e2T + g—;eQS* + g—ZG*eQ — (g—;) G*e2S*

+GrHTISE =

Cy Cy * * * *—1lqx
& (1 ki @) G*e2S* + Gr?H:lS*
when using 6t2¢*?L*e =1 —H* and 1 — x — &2 =

Cp

After re-arrangment we can show finally that

1L:*€S:):| .

x 2gpyx—1Qx*
GreeH; 'Sy

(30)

(31)

(34)

(35)



B =c¢*? (Byy +Bwyn). (36)
with

By = GiHITIS”, (37)

4 Linear mode and elimination of variables II.

This is version 2 of the system, implemented in a such a way that we enforce
p = me‘d. However, we did not change prognostic equation for §. In the
nonlinear model we do nothing else than we in routine GNHPRE define
pressure using previous diagnostic relation. This leads to following SI linear

model

a S J— *
5 = —N'D
8 = —KI"S*D+e|rkT*S*"D — = (D +d)
oD * *
& = —RG*AT — RT*Aqs — A
ot s bs (38)
+RT*(G* — 1)eAq
ad  _ 2 * 4
o = —mreVed
% = —g(D+d)+8*D.
The operators L} is replaced by new operator V7. It is defined as
ViX = Zgle(mg 1) v (%) x (39)
We follows the same steps as in section before
D = —RG*AY — RT*A%: 4 RT*(G* —1)eA% (40)
and we substitute from [38]. We obtain
2P = —RGA{-rT"S'D+c|wT"S'D~ " (D +ad)| |
—RT*A{-N*D} (41)

FRTH(G* — 1)el {—%(D +d) + s*D}

after manipulation we obtain



2D = —gH*G* {—K,S*AD +e [/@S*AD — (LD + Ad)} }
—gH* {~-N*AD} (42)
+9H*(G* — 1)e {~Z(AD + Ad)+ 874D}

After additional manipulation we obtain

2D = gH*kG*S*AD + gH*N*AD
—gH*"kG*eS*AD
+gH*EG*eAD + gH* £ G*eAd (43)

—gH*g—fG*eAD + gH*g—ZEAD

—gH* @G ed + gH* G ed

+gH*G*eS*AD — gH*¢S*AD.

First two terms are HY terms. Additional terms are NH departure.

90 = gH*kG*S*AD + gH*N*AD
tgH* (%G*ES* Gt eS*) AD
tgH* (Cﬁpe*es* ~ £G S + ,N* — e,,,N*> AD  (44)
+c*2eAD
+(—gH*G* + ¢**)eNd

A7 constraint took the form

Af = G e())S* X — G e(n) X —e(n)S* X +¢,N*X = G*:;*ag(:) S*X. (45)

In order to employ previous relation we added red terms in [44]. After
manipulations we obtain

9D = gH*(kG*S* +N*)AD
+ [gH* (A} — kG*eS* — ¢,N*) + 6*26] AD (46)
+(—gH*G* + ¢*?)eNd

The same procedure we repeat with equation for vertical divergence

10



92d a4
= RT RT.* V;j ag (47)

Od = L Vi(—gH*S* +c*?) D+ ¢

L Vid. (48)

rH*?

When system is discretized in time and in vertical direction, we can
follow steps reported in Voitus report. Our implicit system to be solved in
this version II. is

- 5t( 2D) = d4sRHS
T — 6t {—/{T*S*sz te [KT*S*sz _ RCT* m?D + d) } } — Trus
D — 6t [-RG*AT — RT*Aq, — Ads + RT*(G* — 1)cA§] = Drus

1]
d—6t(—#=Vsd) = drus

G — ot [—g”( D+d)+S*m?D| = {grus-
(49)
We define new operator
Vi X TH*QV*X
We can rewrite our systemas
882712) = [C*QBHY + 6*2(61 +Cqi — Bb)] AD
+e2GEeAd (50)
% = C*2V:*S:D+C*2V:*d

With C; = —%A*{ and By = E—Z (kG*S* + N*) and B, = E—Z (KG*eS* + ¢;N™).
We have to realize that C; in our case is discretized version of

C, = % [G*eS*X — G*eX — e8*X + ¢,N*X] .
p

When we assume also that the system is discretized in time we obtain
equivalent of equations (9) and (10) from report of Voitus,

[I—6t2c?Byy — 6t2c*? (I + C1 — By)| m?AD
—5t?c2GreNd = D* (51)
[I— 62V d — 0t*c**Vi*S;D = d°

with (11) and (12) of Voitus being modified as

11



o . T
D* = Dpys — StRT*A | (1 — G*)eGris + G % + Gspirg

and

d®* = drus — 5tRT*V:*(jRHS.

When we define now HJ as
*2
H: =1 6t’c* V3
and we modify (14) from Voitus as
d=H:"" [d‘ n 5t2c*2vg*s;D} .
then we obtain
[I—6t°c**Bpy — 6t2c? Al + C1 — By)| m?D =
D* + 6t*c? AGEeHE ™! [d® + 6822 V¥ SED] =
D** + St*c AGEHE VIS m2 D
with
D* = D* + 622 AGEeH! T de.
Resulting Helmholtz equation then yields
[1-6t*BA] D = D**
with

B = ¢+ [BHY + (eI +C - By + 6t20*2G,’:eH:_1V:§*SZ>} .

It can be shown that NH part can be rewritten as

12
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I+ Cy — By + 6t2c 2 GEeH: I Vi*eS: =
eI+ C; —By+GieH: (1 - HY)S: =
I+ Cy; — By + GicH:!SH — GEeSE =

C * Q¥ C * C * Cy *
eI—i—C—:G €S —C—:G E—C—ZES —i—C;esN

(59)
—rG"eST — e N*
P P
2
—el + g—:es* + %’)G*e — (%Z) G*eS*
+GEeHITISE =
f(1-n-@&) s s Gams = GuETs;
when using (5752(:*2V$* =I-Hjand1—-kx — %: =0.
After re-arrangment we can show finally that
B =c"*(Bpuy +Bwnu). (60)
with
Byy = GieH:T'SE. (61)

5 Implementation (version I.)

In order to better understand SI computation here we conclude what is
computed by SI routines.

SITNUpr(PD) = KI*S*(PD)

SITNUpgsp(PD) = N*(PD)

SIGAMpp(PT,PSP) = RG*(PT) + RT*(PSP)

SISEV Epy2(PV1) = 1Ly(PVI1)

SIDDppy(PT,PSP,PRNH) = RG*(PT)+ RT*(PSP)+ RT*(1— G*)¢(PRNH)
SIDDppy(PRNH) — 411 (PRNH)

SIPTPpp(PDH, PDV) = &-(PDH + PDV)

SIPTPprny(PDH, PDV) = ¢(PDH + PDV) - S*(PDH)

(62)
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with r = L& = Sé}[ﬁf applied by default (can be off via optional argu-

T*
ment).

Basic SI matrices are implemented in routine SUNHEEBMAT as follows

ZSIB.HYD = c**& (kG*S* + N¥)
’ (63)

v

SIFACT = (I—62c?Lye)” =H; ™!
we use relation RT* = RT*%’%; = 0*2%;.

Taking into account that NH addictional part shall be ¢*?G*H*~1S* we
were surprised by the length of original code in CY47 in routine SUNHEEB-
MAT. Ee analyzed the computation and here they are step by step

Z7Z1 = 1 - OprT*S* = 287

Z7Z21 = c?lL:s;

7722 = iH; LS

Z72 = 2 (6t2c?H; 'Ly + 1) S;

773 = Rc?G* (0t?cH; 'Ly +1) S; (64)
ZSIBADD = (I-$G*)e? (3¢ H, 'Ly +1)'S;

= G (62c?H; 'Ly +1) S},
= ?GL[H; I-Hj) +1]S;,
= ¢?GiH;'S;

We considered this implementation to be very complicated for under-
standing. Therefore we have implemented following simpler version without
any need to compute vertical laplacian operator L

ZZ1 = 1 - CprT*S* = c**8;,
772 = EH; 'c?Sy
773 = RG*H* '¢*?8* (65)

ZSIB-ADD = (I- S3RG")EH ™ c?S),
= c*GrH;'S)

We perform validation. The new simpler implementation sligtly differ at
the last digit of spectral norms.

14



Next step was implementation of € into spectral space computations into
routine ESPNHEESI. Following quantities were modified consistently with
this report

ZSDIV = RG*Trus+ RT*qspps + RT*(1 — G*)edrus

ZSVED = RL;%L:QRHS

ZDH_DOT = Dgus— tARG*Trys + RT*qspps + RT*(I— G*)eGrus = D°
ZVD.DOT = 1—6t:%=LiGrus = d*

Z11 = SH: g

Z12 = RG*eH: 'a°

ZSRHS = D*—6*A (T*RG**H;'d® — ¢**c2Hy 7 'd®)

= D*+0t2Ac?GEPHE T = Do

ZZSPDIVG = (1-62AB)™ D*
(66)
The solution of ZZSPDIVG is performed in eigenspace of vertical eigen-
modes. Then we compute spectral coefficients of d (ZZSPDIVG) via follow-
ing steps

Z21 = eCprT*S*m?D — *?*m?D = —c*2eS*m?D
722 = —iLic*2eS;m2D
723 = d*+ 25 1L 2eSEm2D (67)

= d°* + 0t2c? L S m? D
2ZSPSVDG = H; 7' (d* + 0t*c*?*Ly*eS;m*D)

We compute new value of § (ZZSPSPDG)

ZZSPSPDG = drus — dtc |G (mD + d) — 4pekT"S"m?D)

(68)
= (rygs — Ote {g—’; (mQD + d) — S*mZD}

We compute new value of T' (ZZSPTG)

ZZSPTG = Trus— 0t E= (m?D +d) — 6t (1 — ) kT*S*m?D.
(69)
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Further we modifies grid point part of SI computation (only SL part)
inside LANHSI routine.

Nonlinear model is modified in routines CPG_GP_NHEE. First we mod-
ifify computation of geopotential

ZRREDO = R*[He(g—% (70)

then in routine GPGEO we compute geopotential as before. Consistenly
we modified also calculations of gradient of geopotential in GPGRGEO.

6 Tests with constant ¢

7 Tests with vertically varying ¢

8 Conclusion

Previous formulation allow us to control non-hydrostaticity of model. This
has no meaning in full non-linear model as only solution with e =0 or e =1
has physical meaning. However it could be worth to investigate the stability
of NH model with € > 1 (over-non-hydrostatic). I will study this.
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