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JKLM NONP Q O LRM ST UP OV WMP QXM KOVYUTT Z [T Q S KP \ ]^_ M`KPRP LRNaPRPVSPY LVST S KP b ]b _cdeb fghih
MjMSPR k cS MKT WaY l LmP O UQLP[ YPM` QLNS LT V T[ S KP M`KPRP OVY LSM S WVLVl NTMM LULaLS LPM Uj VORP aLMS NO QORPSP QM k cS
M KT WaY [W aaj MWNP QMPYP S KP NQPm LT WM ONNQTO`K [T Q S KP \ ]^_ SWVLVl l LmP V LV i aOmOnopOK qrsstu kv wPx RTYP a
QPMW aSM x LS K Y LyP QP VS \ ]^_ MPSS LVlM x Laa UP O aMT NQPMP VSPY KP QP ST LaaWMS QOSP S KP M` KPRP NP Q[T QROV`P k
dTSP S KOS S KLM NONP Q LM VTS MWNNTMPY ST UP VP LS KP Q S KP `TYP YT `WRPVSOS LT V VT Q S KP M` LP VS Lz` YPM` QLNS LT V T[ S KP
\ ]^_ OMNP`SM k J KP QP aPmOVS `TYP YT `WRPVSOS LT V LM xP aa YPM` QLUPY LV `T VS LVWT WM aj WNYOSPY YT `WRPVSOS LT VM
T[ MPR Lo ]Ol QOVl LO V M` KPRP {PMMOY qrss|u OVY KT QL}T VSO a Y Ly WM LT V {PMMOY qrss|u k J KP M` LP VS Lz ` OMNP`SM O QP
Y LM`WMMPY LV ~OVO qrsstu OVY KT NP[Waaj MTT V OM xP aa LV ~OVO PS O a qrss�u k
J KP NOQS T[ S KP RO LV LRNT QSO V`P [T Q S KP RTYP a WMP QM LM S KP MP`S LT V | k ^P QP S KP VORP aLMS NO QORPSP QM O QP
P� N aO LVPY k \ORP UOM L` l WLYP aLVPM [T Q S KP M`KPRP SWVLVl OQP O aMT l LmP V S KP QP k cV `OMP O QPOYP Q LM VTS QPO aaj
LVSP QPMSPY OUT WS YPSO LaM � LS LM QP`TRRPVYPY ST MZLN O aa S KP TS KP Q SP�S O VY QPOY Y LQP`S aj S KOS MP`S LT V k
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\PRLo ]Ol QOVl LO V KT QL}T VSO a Y Ly WM LT V qKP QPO[SP Q QP[P QQPY OM \ ]^_u LM O V O aSP QVOS LmP M`KPRP [T Q KT QL}T VSO a
Y Ly WM LT V LRNaPRPVSPY LV S KP b ]b _cdeb fghihk �T VS QO Qj ST S KP aLVPOQ M NP`S QO a Y Ly WM LT V x KL`K LM NWQP aj O
VWRP QL`O a STT a qKOm LVl MTRP M LR LaO QLSj x LS K S KP NKjM L`O a QPO aLSj u � \ ]^_ LM `T VMS QW`SPY LV O xOj ST QP�P`S
NKjM L`O a NQT `PMMPM T[ O qKT QL}T VSO au YORNLVl `KOQO`SP Qk \PP V [ QTR SKLM NT LVS T[ m LPx � \ ]^_ `OV UP `T VM LYP QPY
OM O MT QS T[ NO QORPSP QL}OS LT V [T Q KT QL}T VSO a qT Q PmP V t_u NKjM L`O a NQT `PMMPM k
^TxPmP Q M LV`P S KP P�O`S NOQORPSP QL}OS LT V T[ M W`K NQT `PMMPM xT WaY UP mP Qj P� NPVM LmP OVY SP` KVL`O aaj Y L� `WaS �
O `TRNQTR LMP MT aWS LT V KOY ST UP [T WVY k J KP \]^_ SPVYM ST NP Q[T QR LV Ol QPPRPVS x LS K O NKjM L`O a QPO aLSj
x KLaP UP LVl VWRP QL`O aaj mP Qj P� `LP VS M` KPRP k JT QPO`K UTS K NQPm LT WM NQLV` LN aPM S KP M` KPRP xOM YPM Ll VPY OVY
LRNaPRPVSPY LV O xOj ST zS S KP P� LMS LVl RTYP a `T VMS QO LVSM k J KP T VP T[ RO LV LRNT QSO V`P LM S KOS YORNLVl
NQT NP QS LPM T[ MPR Lo ]Ol QOVl LO V LVSP QNT aOST QPM O QP WMPY [T Q QP NQPMP VSOS LT V T[ S KP Y Ly WM LmP NQT `PMMPM k J KLM VTmP a
LYPO M Ll VLz`OVS aj QPYW`PM S KP TmP QO aa `TRNWSOS LT VO a `TMS [T Q S KP M`KPRP k cS O aMT l LmPM S KP `T VmPVLP V`P ST UP
ONNaLPY LV S KP t _ MSP V` La Y WQLVl S KP MPR Lo ]Ol QOVl LO V LVSP QNT aOS LT V k � V SKP TS KP Q KOVY LS LRNTMPM `P QSO LV
aLR LSOS LT VM [T Q MW`K Y Ly WM LmP M` KPRP k ^P QP O QP aLMSPY S KP RTMS LRNT QSO VS T VPM �

•
_WP ST S KP RTYP a Y LM` QPS L}OS LT V � S KP \ ]^_ LM VTS OUaP ST Y LQP`S aj `T VS QT a S KP MRO aa M`O aP VT LMP T QLl LVOSPY
[ QTR SKP RTYP a T QTl QO NKj [T Q` LVl k

•
_WP ST O QO VYTR YLMS QLUWS LT V T[ S KP T QLl LV NT LVSM T[ S KP ]Ol QOVl LO V S QO� P`ST QLPM x LS K QPMNP`S ST S KP
RTYP a l QLY OVY aT `O a `KOQO`SP Q T[ Y Ly WM LmP LR NO`S T[ LVSP QNT aOST QPM � S KP M`KPRP VPPYM MTRP S LRP ST O`S k

•
_WP ST l LmP V NQT NP QS LPM T[ S KP YORNLVl LVSP QNT aOST Q� S KP M`KPRP KOM � WMS aLR LSPY NTMM LULaLSj [T Q S WVo
LVl k dORP aj � S KP MP aP`S Lm LSj T[ S KP \ ]^_ OVY SKP Y Ly WM LT V O`S Lm LSj qLRNO`Su OQP VTS LVYPNP VYPVS
` KOQO`SP QLMS L`M k
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•
wT Q M LRNaL` LSj� Y Ly WM LT V T[ O aa mO QLO U aPM LM `T VS QT aaPY Uj S KP MORP Y LOl VTMS L`M zP aY qYP[T QROS LT V T[ S KP
KT QL}T VSO a �Tx u k

•
J KP Y Ly WMPY �WOVS LS LPM KOmP ST UP OYmP`SPY Uj MPR Lo ]Ol QOVl LO V OYmP`S LT V M` KPRP k

� LS K O aa S KTMP aLR LSOS LT VM S KP \]^_ MS Laa TyP QM UPVPz` LO a [POS WQPM k J KTMP OQP PM NP` LO aaj �

• �P LVl [WV`S LT V T[ S KP �Tx zP aY LS TyP QM QPO aLMS L` VT Vo aLVPO Q Y Ly WM LT V

•
cSM aT `O a O VY S KQPPoY LRPVM LT VO a ` KOQO`SP Q NQPmP VSM RTYP a [ QTR OV P QQT VPT WM OYmP`S LT V O aT Vl M aT NPY
M WQ[O`PM k

�T QPTmP Q x LS K QPM NP`S ST S KP M NP`S QO a KT QL}T VSO a Y Ly WM LT V LS TyP QM TS KP Q UPVPz` LO a [POS WQPM aLZP �

•
cS l LmPM O [ QPPYTR ST O`S VTS T Vaj MS QL`S aj O aT Vl RTYP a aPmP aM qaLZP MNP`S QO a Y Ly WM LT V YTPMu UWS OM O [W aa
t _ [POS WQP k qJ KLM � WO aLSj KOM UPPV NQTmP V OM mP Qj NQTzSOUaP O VY LS LM ` WQQP VS aj S KP YP[O W aS MPSS LVl [T Q
S KP \ ]^_ ku

•
J KP M`KPRP `OV UP S WVPY O``T QY LVl ST M`O aPM LS OyP`SM k J KLM PyP`S LmP aj ROZPM LS LVYP NPVYP VS ST S KP
YTROLV M L}P OVY QPMT aWS LT V k

•
J KOVZM ST S KP VT Vo aLVPOQLSj O VY aT `O a ` KOQO`SP Q LS O`SM P�O`S aj WNT V SO QlPSPY OQPOM k �T VS QO Qj ST S KP
� WOM Lo KT QL}T VSO a M NP`S QO a Y Ly WM LT V S KP QP LM VT YOVlP Q [T Q O Y Ly WMPY [POS WQP ST UP ROMZPY Uj S KP RTYP a
T QTl QO NKjk

•
cS `O V OyP`S OVj RTYP a zP aY UP LVl OYmP`SPY Uj MPR Lo ]Ol QOVl LO V M`KPRP k cS YTPM V XS QP�WLQP S KP T UaLlOS LT V
[T Q O zP aY ST UP S QO VM[T QRPY LVST S KP MNP`S QO a M NO`P k J KP \]^_ O aMT YTPM V XS LRNaj OVj OYY LS LT VO a
QPMS QL`S LT V ST S KP P� LMS LVl RTYP a S LRPMSP N k

� LS K O aa LSM aLR LSOS LT VM OVY UP VPzSM S KP LVSP VS LT V T[ l QLY NT LVS Y Ly WM LT V LM MWQP aj VTS ST QP N aO`P `TRNaPSP aj S KP
VWRP QL`O a M NP`S QO a Y Ly WM LT V k cS QOS KP Q O LRM ST QP NQPMP VS S KP NKjM L`O a NO QS T[ KT QL}T VSO a Y Ly WM LT V x KLaP aPOm LVl
S KP M NP`S QO a Y Ly WM LT V ST O`SM aLZP NWQP VWRP QL`O a z aSP Qk J KP [T aaTx LVl RTYP a SOM ZM KOQY aj `OV UP S QPOSPY Uj
l QLY NT LVS Y Ly WM LT V k bM LS LM Pm LYP VS S KPj OQP RO LVaj T[ O SP` KVL`O a qVWRP QL`u `KOQO`SP Q�

•
JT `TRNPVMOSP YP` QPOM LVl mP QS L`O a QPMT aWS LT V STxOQY S KP ST N T[ S KP RTYP a OSRTMNKP QP Uj LV` QPOMPY
z aSP QLVl k

•
JT O`S OM O ZLVY T[ M NT VlP VPOQ S KP WNNP Q UT WVY T[ RTYP a OSRTMNKP QP k

•
JT QPRTmP O MNP`S QO a P VP Qlj O``WRWaOSPY OS S KP PVY T[ S KP RTYP a MNP`S QO S QO NNPY Uj O z VLSP QPMT aWS LT V k

� KP V S KP \ ]^_ LM O`S LmOSPY LV S KP RTYP a S KP z QMS SxT NT LVSM OQP QP NQPMP VSPY Uj S KP MTo`O aaPY ������� 	
 �����

��� �	��� Y LQP`S aj YP QLmPY [ QTR SKP MSO VYOQY M NP`S QO a Y Ly WM LT V MPSS LVl k J KP S KLQY NT LVS LM � T LVS aj QPO aL}PY Uj
S KP l QLY NT LVS qNKjM L`O au Y Ly WM LT V OVY S KP OYY LS LT VO a xPOZ OVY mP Qj MP aP`S LmP MNP`S QO a Y Ly WM LT V k J KP aOSSP Q T VP
LM `O aaPY 	�
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 ��� �	��� OVY LS LM M NP` Lz ` RTYP a [POS WQP x KP V S KP \ ]^_ LM O`S LmOSPY k
JT MWR WN SKP NQPm LT WM k � KPV S KP \ ]^_ LM O`S LmOSPY LV S KP b ]b _cdeb fghih RTYP a� TS KP Q qOS aPOMSu SxT
MNP`S QO a Y Ly WM LT VM O QP MS Laa NQPMP VS LV S KP RTYP ak
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�VTx LVl S KOS STlPS KP Q x LS K S KP l QLY NT LVS NOQS T[ S KP \ ]^_ TSKP Q SxT Y Ly WM LT VM P� LMS LV S KP RTYP a T VP `OV
KOmP OV LRNQPMM LT V S KOS ST S WVP x KT aP \ ]^_ RWMS UP mP Qj `TRNaL`OSPY k wT QS WVOSP aj LS LM VTS P�O`S aj S KP `OMP k
bM RPVS LT VPY � S KP l QLY NT LVS NOQS T[ S KP \ ]^_ TyP QM [O LQaj RT QP NKjM L`O a [ QORPxTQZ [T Q S WVLVl k cS LM UP aLPmPY
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ST UP O aRTMS YTRO LV OVY M L}P LVYP NPVYP VS k J KP TS KP Q Y Ly WM LT VM O QP M LR LaOQ ST S KP ` aOMM L`O a M NP`S QO a Y Ly WM LT V �
MT S KP LQ S WVLVl LM �WLSP O UT WS S KP MORP k
]PS XM z QMS YPz VP MTRP SP QR LVT aTlj WMPY KP QPO[SP Qk \ ]^_ LM WMPY [T Q S KP x KT aP MPS T[ S KP RTYP a Y Ly WM LT VM
� T LVS aj O`S LmOSPY x LS K S KP l QLY NT LVS VT Vo aLVPOQ Y Ly WM LT V k J KP RPRUP QM T[ S KLM l QT WN WMPY ST UP VORPY OM �
������� 	
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 ��� �	��� OVY S KP � ���
 ���� 
 ��� �� �� � ���� k J KP z QMS SxT
Y Ly WM LT V M`KPRPM OQP M NP`S QO a aLVPOQ Y Ly WM LT VM WMPY RO LV aj ST `TmP Q VWRP QL`O a OMNP`SM � S KP aOSSP Q LM S KP ZPj
NOQS T[ S KP \ ]^_ o S KP VT Vo aLVPO Q Y Ly WM LT V WM LVl MPR Lo ]Ol QOVl LO V LVSP QNT aOST QPM k
� KP V S KP \]^_ LM O`S LmOSPY Uj S KP RTYP a Mx LS`K � LS O WSTROS L`O aaj O`S LmOSPM O aa S KQPP LSM `TRNT VP VSM k �[
`T WQMP MS Laa PO`K [ QTR SKLM MPS `OV UP `T VS QT aaPY LVYPNP VYPVS ajk cV [T aaTx LVl MP`S LT VM UOM L` S WVLVl NTMM LULaLS LPM
O QP lT LVl ST UP Y LM`WMMPY [T Q PO`K [ QTR SKP \]^_ `TRNTVPVSM k
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fPYW`PY M NP`S QO a Y Ly WM LT V LM T USO LVPY Uj QPYW` LVl S KP ` aOMM L`O a M NP`S QO a Y Ly WM LT V Uj `T VMSO VS [O`ST Qk bM
P� NaO LVPY UP[T QP S KP NWQNTMP T[ S KLM Y Ly WM LT V LM ST NQTYW`P PVKOV`PY YORNLVl KLl K LV S KP RTYP a OSRTMNKP QP k
J KP MSO VYOQY M NP`S QO a Y Ly WM LT V LM M WNNTMPY ST UP xP aa S WVPY [T Q S KLM NWQNTMPM k J KP QPY W`PY MNP`S QO a Y Ly WM LT V
LM S KP V WM LVl P�O`S aj S KP MORP mP QS L`O a NQTz aP k cV S KP RTYP a S KLM LM QPO` KPY Uj [T aaTx LVl `T VMS QW`S LT V � � KPV
D(l)

LM S KP MSO VYOQY M NP`S QO a Y Ly WM LT V OS O l LmP V RTYP a aPmP a
l
� S KP QPY W`PY M NP`S QO a Y Ly WM LT V [T Q S KP MORP

aPmP a LM YPz VPY OM
D(l) − SDRED ∗ D0

k ^P QP
D0

LM S KP M NP`S QO a Y Ly WM LT V OS S KP RTYP a M WQ[O`P qx LS KT WS S KP
mP QS L`O a `TRNT VP VSu O VY

SDRED
LM S WVOUaP NOQORPSP Q qYP[O WaS mO aWP LM

SDRED = 1.
u k wQTR NQPm LT WM LM

Pm LYP VS S KOS x KP V
SDRED

LM MPS ST
0.
� S KP QPY W`PY MNP`S QO a Y Ly WM LT V UP`TRPM LYP VS L`O a x LS K S KP MSO VYOQY

MNP`S QO a Y Ly WM LT V k
J KP QPYW`PY MNP`S QO a Y Ly WM LT V LM O WSTROS L`O aaj O`S LmOSPY [T Q O aa S KP RTYP a NQTl VTMS L` mO QLO U aPM UP LVl S QO VMo
[T QRPY LVST S KP M NP`S QO a M NO`P x LS K T VP P�`PNS LT V � J KP RT LMS WQP LM NWQP aj O S QT NTM NKP QL` [POS WQP k ]Tl L`O aaj
S KP QP LM VT VPPY ST S QPOS M NP` Lz`O aaj VP LS KP Q S KP WNNP Q UT WVYOQj `T VY LS LT V T Q S KP YP` QPOMPY mP QS L`O a QPMT aWS LT V
T[ RTYP a LV S KP KLl K OSRTMNKP QP [T Q S KLM NO QORPSP Qk J KP QP[T QP S KP QPYW`PY MNP`S QO a Y Ly WM LT V LM WMP aPMM [T Q
RT LMS WQP zP aY k � KPV S KP \]^_ LM O`S LmOSPY S KP RTYP a O WSTROS L`O aaj Mx LS`K Ty SKP QPY W`PY MNP`S QO a Y Ly WM LT V
T[ S KLM mO QLO U aP qUj MPSS LVl

RDAMPQ = 0
u k

wT Q O Vj TS KP Q MNP` Lz ` S WVLVl [POS WQP [T Q S KP QPY W`PY M NP`S QO a Y Ly WM LT V MPP S KP RTYP a YT `WRPVSOS LT V T[ S KP
MNP`S QO a Y Ly WM LT V M`KPRP q{PMMOY � rss|u � S KP YPM Ll V YPM` QLNS LT V T[ S KP M`KPRP q�� VOQY � rssru T Q S KP R LVLoYT`WRPVSOS LT V OUT WS S KP VPx [POS WQPM LV S KP MNP`S QO a Y Ly WM LT V MPS WN q~ �
O � rss|u k
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bM MO LY S KP NWQNTMP T[ S KP M WNNT QS LVl M NP`S QO a Y Ly WM LT V LM ST `T VS QT a S KP MRO aa M`O aP LRNO`S T[ S KP RTYP a
T QTl QO NKj ST RTYP a NQTl VTMS L` zP aYM k J KLM MNP` Lz ` NOQS T[ S KP \ ]^_ LM ONNaLPY � WMS ST S KP mOQLO U aPM x LS K O
[T Q` LVl SP QR `T VSO LVLVl T QTl QONKj LV S KP LQ NQTl VTMS L` P� WOS LT V k J KPj OQP VORP aj KT QL}T VSO a x LVY `TRNTVPVSM
u
OVY

v
x LS K S KP mP QS L`O a Y LmP QlP V`P QP aOSPY mOQLO UaP

d
q
d3

�
d4

�k k k u LV `OMP T[ S KP VT Vo KjY QTMSOS L` Yj VOR L`M k
\ LV`P S KLM `TRNaPRPVSO Qj Y Ly WM LT V ST S KP l QLY NT LVS NOQS O LRM ST `T VS QT a S KP P VY T[ O zP aY M NP`S QO � LS LM
QP NQPMP VSPY Uj xPP Z OVY mP Qj MP aP`S LmP qKLl K T QYP Qu MNP`S QO a Y Ly WM LT V k \ LR LaOQaj ST S KP S WVLVl [T Q S KP l QLY NT LVS
NOQS S KP MWNNT QS LVl M NP`S QO a Y Ly WM LT V LM MPS `T VMSO VS x LS K KP Ll KS O aT Vl S KP x KT aP S QT NTM NKP QP k
J KP M WNNT QS LVl Y Ly WM LT V `OV UP SP` KVL`O aaj MPP V OM OV OYY LS LT VO a MNP`S QO a Y Ly WM LT V LV S KP RTYP ak ]Tl L`O aaj S KP
S WVLVl [T Q LS LM mP Qj M LR LaO Q ST S KP T VP [T Q S KP MSO VYOQY MNP`S QO a Y Ly WM LT V k Jj NL`O aaj VORP aLMS NOQORPSP QM [T Q
S KP MWNNT QS LVl Y Ly WM LT V ZPP N S KP MORP VORP ONNPVYPY Uj aPSSP Q �\� YPVTS LVl S KP M WNNT QS LVl Y Ly WM LT V k J KP
MPS WN [T Q S KLM Y Ly WM LT V LM `TRNWSPY O``T QY LVl S KP NOQORPSP Q

RRDXTAU
x KL` K LM S KP RO LV S WVLVl NOQORPSP Q

[T Q O aa RTYP a MNP`S QO a Y Ly WM LT VM k � KP V
RRDXTAU = 0.

O aa M NP`S QO a Y Ly WM LT VM O QP YPO`S LmOSPY LV` aWY LVl S KP
MWNNT QS LVl Y Ly WM LT V k� J KP QP aOS LT V T[ S KP MWNNT QS LVl MNP`S QO a Y Ly WM LT V ST S KP QPY W`PY MNP`S QO a Y Ly WM LT V LM
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Vertical profile of horizontal diffusions in ALADIN
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`TRNWSPY LVSP QVO aaj Uj S KP RTYP ak cVY Lm LY WO a mO QLO UaPM `OV UP KTxPmP Q O``PMMPY S KQT Wl K S KP
RDAMPxSNOQORPSP QM k cV S KP NQPm LT WM

x
MSO VYM [T Q

V OR
�
DIV

OVY
VD

LV `OMP T[ mT QS L` LSj� Y LmP QlP V`P OVY mP QS L`O a
Y LmP QlP V`P QPMNP`S LmP ajk

J KP `T VS QLUWS LT V T[ S KP SxT NQPm LT WM Y Ly WM LT VM LaaWMS QOSPM S KP zl WQP + k J KP QP S KP QPY [W aa aLVP MjRUT aL}PM O V
O`S Lm LSj T[ S KP MSO VYOQY MNP`S QO a Y Ly WM LT V k � KP V S KP \]^_ LM O`S LmOSPY � S KLM T VP Y Ly WM LT V LM QP NaO`PY Uj S KP
QPY W`PY MNP`S QO a Y Ly WM LT V qT QO VlP YOM KPY aLVPu � KLl KP Q T QYP Q MWNNT QS LVl M NP`S QO a Y Ly WM LT V ql QPP V YOM KPY aLVPu
O VY S KP l QLY NT LVS Y Ly WM LT V x KL`K LM [T Q M LRNaL` LSj m LM WO aL}PY OM MS QO Ll KS U aWP YOM KPY aLVP k ^P QP S KP l QLY NT LVS
Y Ly WM LT V LM QP NQPMP VSPY Uj LSM S WVLVl x KL`K LM ZP NS `T VMSO VS [T Q O aa O aS LS WYPM k cV QPO aLSj S KLM �Tx YPNP VYPVS
Y Ly WM LT V QP�P`SM S KP O`S Lm LSj LV S KP OSRTMNKP QP k J KP P� NP QLRPVSM x LS K S KP QPO a OSRTMNKP QP MKTxM S KOS S KP
l QLY NT LVS Y Ly WM LT V LM S KP MS QT VlPMS VPOQ S KP MWQ[O`P OVY OQT WVY S KP S QT NT NOWMP x KLaP O aRTMS mOVLMKPM LV S KP
aPmP aM O UTmP �s KgO k b VjxOj LS LM Pm LYP VS [ QTR SKP zl WQP S KOS S KP l QLY NT LVS Y Ly WM LT V YTRLVOSPM VPOQ S KP
MWQ[O`P k J KP QPY W`PY Y Ly WM LT V M LR WaOSPM S KP LV` QPOM LVl Y LyP QP V`P UPSxPP V S KP QP[P QP V`P MNP`S QO a Y Ly WM LT V OVY
S KP `T VMSO VS aj S WVPY l QLY NT LVS Y Ly WM LT V x LS K S KP KP Ll KSM k wLVO aaj S KP MWNNT QS LVl MNP`S QO a Y Ly WM LT V LM O`S LVl OM
O xPOZ OVY MP aP`S LmP Y Ly WM LT V ONNaLPY ST S KP PVY T[ O zP aY MNP`S QO k J KLM `TRNTVPVS LM OlO LV `T VMSO VS x LS K
KP Ll KS O aT Vl RTMS Yj VOR L`O aaj O`S LmP OQPOM k

JxT QPROQZM QP aOSPY ST S KP MNP`S QO a NOQS T[ S KP \ ]^_ �

\ LV`P O M NP`S QO a Y Ly WM LT V LM lP VP QO aaj [ WV`S LT V T[ S KP RTYP a YTRO LV � S KP MWNNT QS LVl Y Ly WM LT V OVY S KP QPY W`PY
Y Ly WM LT V O aMT YP NPVY ST S KP M L}P OVY S KP VWRUP Q T[ M NP`S QO a xOmPM T[ S KP `TRNWSOS LT VO a YTRO LV k J KLM LM
O``P NSPY xPOZVPMM T[ S KP M NP`S QO a Y Ly WM LT V k ,WMS T VP MKT WaY VTS UP M WQNQLMPY Uj O [O`S S KOS ` KOVl LVl YTROLV
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M L}P qPmP V x KPV ZPPNLVl S KP MORP QPMT aWS LT Vu S KP RTYP a M NP`S QO a Y Ly WM LT V LM `KOVlPY k qbM LS x Laa UP MKTx V �
S KP NKjM L`O a l QLY NT LVS Y Ly WM LT V x LS K S KP OULaLSj ST UP YTROLV LVYP NPVYP VS M KT WaY UP S WVPY x LS K QPM NP`S T[ S KP
`TRNWSOS LT VO a YTRO LV OM xP aaku
cS LM ZVTx V [O`S S KOS Y Ly WM LT V [T Q S KP Y LmP QlP V`P zP aY WMP ST UP LVSP VS LT VO aaj MPS MS QT VlP Q S KOV S KP T VP [T Q S KP
TS KP Q NQTl VTMS L` mO QLO UaP k cS LM UP aLPmPY S KOS S KLM O QQO VlPRPVS KP aNM ST NQPmP VS S KP M NWQLT WM O``WRWaOS LT V T[
LVP QS LOol QOm LSj xOmP PVP Qlj VPOQ S KP `WSoTy xOmP VWRUP Qk J KP `WQQP VS PRNLQL`O a [O`ST Q WMPY [T Q S KP LV` QPOMPY
Y Ly WM LT V [T Q Y LmP QlP V`P LV b ]b _cdeb fghih LM � k � KPV RPOMWQPY S KLM [O`ST Q [T Q S KP QPRO LVLVl l QLY NT LVS NOQS
T[ S KP \ ]^_ � LS KOM UPPV [T WVY S KOS LS YORNM Y LmP QlP V`P � WMS toS LRPM MS QT VlP Q S KOV S KP TS KP Q zP aY k ^TxPmP Q
S KLM Y LyP QP VS UPKOm LT Q T[ S KP l QLY NT LVS M`KPRP `TRNOQPY ST S KP MNP`S QO a Y Ly WM LT V S WVLVl `OV UP MS Laa POM Laj
Ll VT QPY k JT ZPPN S KP `T VM LMSP V`j UPSxPP V O aa S KP MNP`S QO a Y Ly WM LT V LV S KP RTYP a� S KP YORNLVl [O`ST Q P� WO a ST
� k LM ZP NS qUj YP[O W aSu [T Q S KP SxT MNP`S QO a Y Ly WM LT VM UP LVl NOQS T[ S KP \ ]^_ k
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J KP PMMP VS LO a NO QS T[ S KP \ ]^_ SPVYM ST QP NQPMP VS NKjM L`O a NQT `PMMPM LV S KP OSRTMNKP QP k cS LM ZVTx V SKOS QT aP
T[ MW`K KT QL}T VSO a NQT`PMMPM LM UP`TR LVl LV` QPOM LVl aj LRNT QSO VS x KP V lT LVl ST QP NQPMP VS z VP Q M`O aPM k wT aaTx LVl
S KLM aTl L` O V LYPO a S WVLVl [T Q O NKjM L`O a Y Ly WM LT V M KT WaY UP UOMPY T V M`O aPM T[ Y Ly WMPY [POS WQPM QOS KP Q S KOV T V
S KP RTYP a YTRO LV k J KLM LM QPO aaj NTMM LUaP x LS K S KP l QLY NT LVS NOQS T[ S KP \ ]^_ OM LS LM LaaWMS QOSPY Uj zl WQP
r k J KP QP S KP ORNaLz `OS LT V [T Q S KP SxT Y LyP QP VS l QLY NT LVS Y Ly WM LT V MPSS LVlM OQP NQPMP VSPY [T Q O ZLVPS L` P VP Qlj
MNP`S QO OM O [WV`S LT V T[ M`O aPM k J KP �oO� LM QP NQPMP VSM M`O aPM Uj S KP QP aOS LmP xOmP VWRUP Q

i′
qxOmP VWRUP Q

QPM`O aPY ST S KP QP[P QP V`P RTYP a YTRO LVu k J KP xOmP aP VlS K
λ
T[ S KP `T QQPMNT VY LVl xOmPM qLV RPSP QMu `OV UP

T USO LVPY [ QTR SKP M LRNaP [T QR WaO �
λ = 3106198.46/i′

k J KP LRNO`S T[ S KP Y Ly WM LT V LM S KP V M KTx V TV [T WQ
RTYP a QWVM x LS K Y LyP QP VS YTRO LVM OVY RPMK M L}PM k \ LV`P S KLM zl WQP MKTxM S KP LRNO`S T[ S KP l QLY NT LVS Y Ly WM LT V
T Vaj� S KP P VY T[ PO`K M NP`S QO LM VTS `T QQP`S aj KOVY aPY OVY S KWM LS LM VTS O LR T[ S KP LVSP QPMS KP QP k qJ KLM LM

 



S KP SOM Z [T Q S KP MWNNT QS LVl Y Ly WM LT V ku J KP joO� LM MKTxM S KP ORNaLz`OS LT V T[ S KP `T QQPMNT VY LVl M`O aP Uj S KP
l QLY NT LVS Y Ly WM LT V qs RPOVM VT LRNO`S `OWMPY Uj Y Ly WM LT V � + RPOVM +ss� T[ YORNLVl OS O l LmP V M`O aPu k bM LS
`O V UP MPP V S KP SxT Y LyP QP VS MPSS LVlM qQOS KP Q MS QT Vl T VP OVY � WLSP xPOZ T VPu OQP NQPMP VSPY k J KP Ol QPPRPVS
T[ S KP [T WQ P� NP QLRPVSM [T Q UTS K NQPMP VSPY MPSS LVlM LM � WLSP lTTY k J KLM MWNNT QSM S KP `T V` aWM LT V S KOS S KP QP LM
O `KOV`P ST S WVP S KP l QLY NT LVS Y Ly WM LT V LV M W`K NKjM L`O a xOjk

�V[T QS WVOSP aj S KLM xOj T[ S WVLVl LM VTS O axOjM MW� ` LP VS [T Q O lP VP QO a RTYP a YTRO LV k J KP QT aP T[ O KT QL}T VSO a
Y Ly WM LT V LV S KP RTYP a M KT WaY UP ORTVl ROVj TS KP QM S KP `ONOULaLSj ST QPRTmP S KP O``WRWaOSPY PVP Qlj S QO NNPY
Uj S KP z VLSP S QWV`OS LT V T[ O RTYP ak ^P QP S KP YTx VxOQY `OM`OY LVl PVP Qlj qSTxOQY MRO aaP Q M`O aPMu LM O``WRWo
aOSPY k cV `OMP LS LM VTS PyP`S LmP aj `T VS QT aaPY LS `O V MSOQS P QQT VPT WM aj NQT NOlOSP UO`Z STxOQY S KP aO QlP M`O aPM k
]LZP S KOS O RTYP a LV[T QROS LT V xTWaY UP `T QQWNSPY k bM RPVS LT VPY � S KP `T VY LS LT VO a SOM Z [T Q KT QL}T VSO a Y Ly WM LT V
LM ST PyP`S LmP aj NQPmP VS O``WRWaOS LT V T[ MW`K PVP Qljk �T VMP�WPVS aj ST UP OUaP ST O`S LV S KLM MP VMP � Y Ly WM LT V KOM
ST UP QPOMT VOUaj MS QT Vl VPOQ S KP P VY T[ S KP RTYP a M NP`S QO k bM LS `O V UP MPP V [ QTR SKP zl WQP r S KP RO� LRWR
Y Ly WM LT V LV S KP RTYP a x LS K aTx QPMT aWS LT V LM � WLSP xPOZ k wT Q MWQP MW`K Y Ly WM LT V LM VTS OUaP ST [W az aa S KP SOM Z
NQPmP VS LVl S KP P VP Qlj O``WRWaOS LT V k hmPV LV `OMP S KOS OVTS KP Q MNP` LO a O VY MP aP`S LmP M NP`S QO a Y Ly WM LT V x Laa
UP ONNaLPY ST S QPOS S KLM NQT UaPR � S KP S QO VM LS LT V }T VP UPSxPP V S KP P�` aWM LmP O`S Lm LSj T[ S KP l QLY NT LVS Y Ly WM LT V
OVY S KP T VP `T VS QT aaPY RO LVaj Uj M W`K MNP` LO a Y Ly WM LT V xT WaY UP �WLSP MSPP N L[ VTS PmP V T[ O Y LM`T VS LVWLSj
`KOQO`SP Qk � V`P xP xTWaY aLZP ST QP N aO`P O RO� T Q NOQS T[ S KP MNP`S QO a Y Ly WM LT V Uj S KP l QLY NT LVS Y Ly WM LT V �
S KLM VWRP QL`O a QT aP T[ S KP MNP`S QO a Y Ly WM LT V KOM ST UP O aMT M WNNaLPY Uj S KP VPx M`KPRP k ^PV`P S KP l QLY NT LVS
Y Ly WM LT V RWMS UP S WVPY x LS K QPM NP`S ST S KP RTYP a YTRO LV qOM LS LM S KP `OMP [T Q S KP M NP`S QO a Y Ly WM LT Vu k
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J KP l QLY NT LVS Y Ly WM LT V [T Q O NQTl VTMS L` RTYP a mO QLO U aP
ψ
LM LRNaPRP VSPY q[T Q P�ORNaP LV SxToS LRPo aPmP a M`KPRPu

LV S KP [T aaTx LVl xOj �
D

+

ψ = κ(ID − IA) −
∆t

2
R

1

2 �/�
^P QP S KP MP`T VY SP QR QP NQPMP VSM S KP NOQS T[ QLl KS KOVY M LYP PmO aWOSPY OS S KP OQQLmO a NT LVS T[ S KP MPR Lo ]Ol QOVl LO V
S QO� P`ST Qj x KL` K LM VTS Y LQP`S aj `T VS QT aaPY Uj S KP Y Ly WM LT V T NP QOST Qk cV S KP [WQS KP Q S KLM QPM LY WO a SP QR x Laa UP
TR LSSPY k J KP RO LV SP QR [T Q S KP Y Ly WM LT V LM S KP z QMS SP QR TV SKP QLl KS KOVY M LYP k

J KP Y LyP QP V`P LV UQO`ZPSM QP NQPMP VSM S KP Y Ly WM LT V `T VS QLUWS LT V T[ S KP Y Ly WM LmP MPR Lo ]Ol QOVl LO V LVSP QNT aOS LT V
IDST S KP O``WQOSP T VP

IA
k �TS K LVSP QNT aOS LT VM O QP PmO aWOSPY [T Q S KP T QLl LV NT LVS T[ S KP MPR Lo ]Ol QOVl LO V S QO� P`ST QjkJ KP Y Ly WM LmP LVSP QNT aOST Q

ID
LM S KP qS QLu aLVPOQ LVSP QNT aOST Q x LS K OYY LS LT VO a MRTTS KLVl VPOQ S KP l QLY NT LVSM k J KLM

OYY LS LT VO a MRTTS KLVl ROZPM S KP YORNLVl RTQP LVYPNPVYPVS ST S KP Y LMSO V`P T[ S KP T QLl LV NT LVS T[ S KP MPR Lo
]Ol QOVl LO V S QO� P`ST Qj [ QTR SKP ` aTMPMS RTYP a l QLY NT LVS k J KLM YORNLVl P VKOV`PRPVS LM PM NP` LO aaj WMP[W a [T Q
S KP M LS WOS LT VM x KP QP S KP QP LM VPOQaj VT x LVY OS MTRP OQPOM x LS K KLl K YP[T QROS LT V mO aWP q`P VSP QM T[ `j` aT VPMu
T Q aO QlP O QPOM x LS K �WOM L MSPOYj �Tx k J KP RO� LRWR YLMSO V`P [ QTR SKP ` aTMPMS l QLY NT LVS LV

x
T Q
y
Y LQP`S LT VM

x KP QP S KLM OYY LS LT VO a MRTTS KLVl LM O NNaLPY qL kP k KOM VT V}P QT ROMZu LM `T VS QT aaPY Uj S KP VORP aLMS NO QORPSP Q
ALPHINT

k J KLM NOQORPSP Q mO QLPM UPSxPP V s k qVT MRTTSKLVl LVSP QmO au O VY s k� x KL` K S KP V ONNaLPM MRTTS KLVl
OS
< −0.5∆x, 0.5∆x >

OQT WVY PO`K l QLY NT LVS k bM LS `O V UP POM Laj MPP V �
ALPHINT = 0.5

RPOVM S KOS S KP
OYY LS LT VO a MRTTS KLVl LM O NNaLPY PmP Qjx KP QP k J KP YP[O WaS mO aWP LM

ALPHINT = 0.15
k J KP QPMW aS LVl mO aWP T[

S KP Y Ly WM LmP LVSP QNT aOST Q
ID

LM S KP V T USO LVPY OM S KP
ID = (1.− Γ)IL + ΓS

k ^P QP
IL

MSO VYM [T Q S KP qS QLu aLVPOQ
LVSP QNT aOST Q�

S
[T Q S KP MRTTSKP Q O VY

Γ
LM S KP ROMZ YP` QPOM LVl x LS K S KP Y LMSO V`P [ QTR l QLY NT LVS ST

ALPHINT ·
∆x

Uj NTxP Q T[ t k J KP MRTTSKP Q
S
[T Q S KP LVSP QmO a

< xi − ALPHINT∆x, xi + ALPHINT∆x >
LM

PmO aWOSPY OM
Si = (f(xi−1) + f(xi+1)) /2

� x KP QP
f(xi)

QP NQPMP VSM S KP l QLY NT LVS
xi

mO aWP T[ S KP � WOVS LSj
ST UP LVSP QNT aOSPY k � WSM LYP S KLM LVSP QmO a qL kP k LVM LYP

< ALPHINT∆x, (1. − ALPHINT )∆x >
u S KP

Γ
LM

P� WO a ST }P QT k JT ZPP N `T VM LMSP V`j T[ S KP MRTTSKP Q x LS K mOQj LVl RTYP a S LRPMSP N S KP
Γ
LM M`O aPY Uj S KP RTYP a

S LRPMSP N
∆t

OVY S KP VORP aLMS NO QORPSP Q
GAMMAX0

�

Γ = GAMMAX0
∆t

∆tref

J KP RPOVLVl T[
GAMMAX0

S KP V xT WaY UP S KP RO� LR WR xP Ll KS T[ S KP
Γ
[T Q T NS LRO a S LRPoMSP N

∆tref
k J KP

NOQORPSP Q
∆tref

LM `TRNWSPY LVSP QVO aaj Uj S KP RTYP a OM O [WV`S LT V T[ S KP WMPY OYmP`S LT V M`KPRP OVY RTYP a
�



qKT QL}T VSO a O VY mP QS L`O au QPMT aWS LT VM k \PSS LVl
GAMMAX0 = 0.

PyP`S LmP aj YPO`S LmOSPM S KP MRTTSKP Qk _P[O W aS
mO aWP LM

GAMMAX0 = 0.15
k

J KP ZPj mOQLO U aP [T Q S KP l QLY NT LVS Y Ly WM LT V LM S KP
κ
mOQj LVl QT Wl Kaj UPSxPPV s OVY + qLV MTRP MNP` LO a `OMPM

LS `O V UP PmP V RTQP S KOV +u k cS `O V UP `T VM LYP QPY OM O MT QS T[ `TP� ` LP VS T[ Y Ly WM LT V k cS LM YPz VPY LV S KP
[T aaTx LVl xOj �

κ = SLHDKMAX
∆tF (d)

1 + ∆tF (d)
�5�

^P QP S KP
SLHDKMAX

LM S WVOUaP NOQORPSP Q aLR LS LVl S KP
κ
k cS `O V mOQj [ QTR s WN ST � k _P[O W aS mO aWP LM

SLHDKMAX = 1
k
F (d)

QP NQPMP VSM RTVTST VL` [ WV`S LT V T[ S KP KT QL}T VSO a �Tx STSO a YP[T QROS LT V
d
k cS LM

YPz VPY LV S KP [T aaTx LVl xOj �

F (d) ≡ a 2d

(

max

[

1.,
d

d0

])SLHDB

���

cV S KP NQPm LT WM
a
LM S KP RO LV M`O aLVl [O`ST Q [T Q S KP l QLY NT LVS Y Ly WM LT V �

d0

LM S KP S KQPMKT aY T[
d
OUTmP x KL` K S KP

PVKOV`PY Y Ly WM LT V LM O`S LmOSPY OVY
SLHDB

LM S WVOUaP NOQORPSP Q [T Q S KP P VKOV`PRPVS k JT ROZP NQPm LT WM
[T QRWaO LVYPNP VYPVS ST O RTYP a QPMT aWS LT V

a
OVY

d0

`OV UP QPx QLSSP V LV S KP [T aaTx LVl xOj �

a = SLHDA0

(

c[∆x]3,ref
[∆x]3

)ZSLHDP1

�� �

2d0 = SLHDD00

(

c[∆x]3,ref
[∆x]3

)ZSLHDP3

���

^P QP
c
LM S KP MS QPS`KLVl [O`ST Q q[T Q S KP N aO VP lPTRPS Qj

c = 1
u �

[∆x]3
LM S KP ��w]oM NP`S QO a� RPMKoM L}P OVY

[∆x]3,ref
LM O QP[P QP V`P mO aWP T[ S KP NQPm LT WM qLS LM QP aPmOVS ST S KP T aY b ]b _cde]b�h YTROLV �

π[∆x]3,ref =
52349.828

Ru k J KP TS KP QM OQP S WVOUaP NOQORPSP QM k J KP NWQNTMP T[ S KP PRNLQL`O a `T VMSO VSM
ZSLHDP1

OVY
ZSLHDP3

LM ST ROZP YPz VLS LT V T[
F (d)

lP VP QO a x LS K QPMNP`S ST S KP O`S WO a RTYP a RPMK OVY YTROLV M L}P k�
qJ KP LQ mO aWPM KOmP UPPV [T WVY OM

ZSLHDP1 = 1.7
OVY

ZSLHDP3 = 0.6
ku ^P V`P S KP T Vaj S KQPP S WVOUaP

NOQORPSP QM [T Q S KP l QLY NT LVS NOQS T[ S KP \ ]^_ QPRO LVM
SLHDA0

�
SLHDB

OVY
SLHDD00

k
\S Laa S KQPP S WVOUaP NOQORPSP QM [T Q S KP M`KPRP x KP QP LM � WMS T VP YPl QPP T[ [ QPPYTR MPPRM ST UP O ULS STT ROVjk
]PS WM z QMS `T VM LYP Q S KOS S KP QP LM � WMS T VP S WVLVl NOQORPSP Q

SLHDA0
M`O aPY Uj S KP PRNLQL`O a `T VMSO VS

ZSLHDP1 = 1.7
LV T QYP Q ST ROZP

a
LVYP NPVYP VS ST O RTYP a YTRO LV [T aaTx LVl S KP q|u k qJ KP LV� WPV`P T[

S KP QPMS T[ S KP [T QRWaO qtu `OV UP POM Laj MWNNQPMMPY Uj MPSS LVl
SLHDB = 0.

u � LS K MW`K OQQO VlPRPVS S KP
l QLY NT LVS NOQS T[ S KP \ ]^_ O`SM MP aP`S LmP aj [T Q PO`K M`O aP NQT NT QS LT VO aaj ST S KP mO aWP T[ S KP

SLHDA0
OM LS LM

LaaWMS QOSPY Uj r k J KP QP S KP aP[S T VP Y LM NaOjM S KP M LS WOS LT V x LS K
SLHDA0 = 1.

qQOS KP Q MS QT Vl Y Ly WM LT Vu x KLaP
S KP T VP T V QLl KS `T QQPMNT VYM x LS K S KP

SLHDA0 = 0.1
qmP Qj xPOZ Y Ly WM LT Vu k dTSP O aMT S KOS S KP ORNaLz `OS LT V

`WQmP Y LyP QM LV UTS K P�ORNaPM k cSM MKONP LM NWQP aj l LmP V Uj NQT NP QS LPM T[ WMPY LVSP QNT aOST QPM k J KWM O `KOV`P
ST `KOVlP LSM M KONP LM mP Qj aLR LSPY k
bM LS KOM UPP V P� NaO LVPY � MW`K OQQO VlPRPVS NQPMP VSPY Uj zl WQP r LM z VP [ QTR SKP NKjM L`O a NT LVS T[ m LPx UWS
VTS QPO aaj NQO`S L`O a [T Q RTYP a QWVVLVl OUTmP mOQLT WM RTYP a YTRO LVM OVY QPMT aWS LT VM k wQTR SKLM QPOMT V qUWS
VTS T Vaj [T Q LS u S KP P VKOV`PRPVS T[ S KP [WV`S LT V

F (d)
KOM UPPV LVS QT YW`PY LVST S KP [T QRWaO qtu k �M LVl S KP

PVKOV`PRPVS � LS LM NTMM LUaP ST POM Laj O``PMM S KP O`S WO a YTRO LV MRO aa M`O aP LV[T QROS LT V Uj LV` QPOMPY l QLY NT LVS
Y Ly WM LT V k c[ S KP ORT WVS T[ P VKOV`PY NT LVS LM M W� `LP VS aj MRO aa� S KLM `O V PmPV LV` QPOMP S KP MP aP`S Lm LSj T[ l QLY NT LVS
Y Ly WM LT V k � V`P S KP NT QS LT V T[ NT LVSM ST UP P VKOV`PY UP`TRPM M Ll VLz`OVS x LS K QPMNP`S T[ S KP x KT aP ORT WVS
qx KP V LS LM RT QP S KOV [Px NP Q`P VSMu � LS UP KOmPM M LR LaOQaj OM x KPV � WMS

SLHDA
xT WaY UP LV` QPOMPY k b VjxOj

S KP PVKOV`PRPVS S KQPM KT aY
d0

`OV UP POM Laj M`O aPY O``T QY LVl q�u ST OyP`S O axOjM S KP MORP NT QS LT V T[ NT LVSM
LVYP NPVYP VS aj ST S KP O`S WO a RTYP a QPMT aWS LT V k J KP QP[T QP S KP Y Ly WM LT V P VKOV`PRPVS `OV UP POM Laj WMPY ST
MS QP VlS KPV l QLY NT LVS Y Ly WM LT V MNP` Lz`O aaj ST PO`K YTROLV k ]LZP S KOS S KP ORNaLz`OS LT V [WV`S LT V MSOQSM ST UP
RTYP a YP NPVYP VS MT LM VTS OVj aT VlP Q [ WV`S LT V T[ � WMS O l LmP V M`O aP k hM NP` LO aaj VPO Q S KP PVY T[ O RTYP a M NP`S QO
S KP YORNLVl MS QT Vl aj QP aLPM ST S KP O`S WO a QPMT aWS LT V k � V SKP TS KP Q M LYP S KLM O aaTx M S KP l QLY NT LVS NOQS T[ S KP
\ ]^_ ST MW� `LP VS aj QP N aO`P S KP MNP`S QO a Y Ly WM LT V k
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J KP NQT NTMPY S WVLVl S KOV MPSM
SLHDA0 = 0.25

x LS K
ZSLHDP1 = 1.7

ROZLVl S KP NT LVSM Y Ly WMPY x LS KT WS
P VKOV`PRPVS ST UP OyP`SPY Uj NKjM L`O a M`O aP LVYP NPVYP VS Y Ly WM LT V k J KP S KQPM KT aY [T Q P VKOV`PRPVS LM S KP V
MPS P�WO a ST S KP ��� � WOVS LaP Uj M`O aP LVYPNP VYPVS

d0

q
SLHDD00 = 0.000065

�
ZSLHDP3 = 0.6

u ]LZP
S KOS QT Wl Kaj r�� T[ NT LVSM qLV O`S LmP aPmP aM T[ S KP OSRTMNKP QPu OQP OyP`SPY Uj LV` QPOMPY Y Ly WM LT V `T VS QT aaPY
Uj P� NT VPVS

SLHDB = 4
k J KLM MPSS LVlM [T Q S KP l QLY NT LVS NOQS T[ S KP \ ]^_ x LS K O aa S KP YP[O W aSM [T Q QPY W`PY

MNP`S QO a Y Ly WM LT V OVY MWNNT QS LVl Y Ly WM LT V l LmPM QT Wl Kaj MORP ZLVPS L` P VP Qlj MNP`S QO M aT NPM OM QPMW aSPY [ QTR
SKP M NP`S QO a Y Ly WM LT V T Vajk

J KP QP LM O aMT TS KP Q QPOMT V [T Q x KL` K S KP P VKOV`PRPVS LM UP VPz` LO a [T Q S KP TmP QO aa M`KPRP NP Q[T QROV`P k J KP
STSO a Y Ly WM LT V `OWMPY Uj S KP l QLY NT LVS Y Ly WM LT V LM QP aOSPY ST OV OmP QOlP mO aWP T[

κ
k � LS K S KP PVKOV`PRPVS

xP `OV O`KLPmP S KP MORP mO aWP T[ S KLM OmP QOlP OyP`S LVl aPMM NT LVSM Uj S KP Y Ly WM LmP LVSP QNT aOS LT V k � Vaj mP Qj
[Px NT QS LT V T[ NT LVSM UP OyP`SPY Uj � WLSP MS QT Vl Y Ly WM LT V k J KLM S QL` Z QPY W`PM S KP M LYP PyP`S T[ S KP l QLY NT LVS
Y Ly WM LT V `TR LVl [ QTR SKP aPMM O`` WQOSP mP QS L`O a LVSP QNT aOS LT V � S KP NTM LS LmP � cb \ T[ S KP MWQ[O`P NQPMMWQP
QP�P`S LVl O ROMM aTMS T[ S KP M LRWaOSPY OSRTMNKP QP k

wLl WQP t LaaWMS QOSPM S KP NQT NTMPY YP[O W aS M LS WOS LT V T V ZLVPS L` P VP Qlj ORNaLz `OS LT V `WQmPM [T Q S KP l QLY NT LVS NOQS
T[ S KP \ ]^_ OVY SKP QP[P QP V`P MNP`S QO a Y Ly WM LT V k �T VS QO Qj ST S KP NQPm LT WM QOx `WQmPM S KTMP O QP z aSP QPY [ QTR
SKP QO VYTR VT LMP Uj ONNaj LVl T[ S KP QWVVLVl OmP QOlP z aSP Qk cS LM Pm LYP VS S KP QP S KOS S KP ORNaLz `OS LT V T[ S KP
l QLY NT LVS Y Ly WM LT V LM VT aT VlP Q WVL[T QR [T Q O l LmP V M`O aP k cS UP`TRPM O aMT O [WV`S LT V T[ S KP RTYP a YTRO LV VTx k
J KP VWRP QL`O a M NP`S QO a Y Ly WM LT V UPKOmPM LV S KP MORP xOj Y WP ST LSM YPz VLS LT V QP aj LVl Y LQP`S aj ST S KP RTYP a
YTRO LV k J KP zl WQP t O aMT VL`P aj LaaWMS QOSPM S KP xPOZVPMM T[ S KP l QLY NT LVS Y Ly WM LT V ST O``PMM S KP NOQS T[ S KP
MNP`S QO LV� WPV`PY Uj S KP RTYP a T QTl QO NKjk bM LS `O V UP MPP V � �WLSP M Ll VLz`OVS NT QS LT V T[ S KP RTYP a M NP`S QO
LM NQT NT QS LT VO a ST S KP M aT NP OVY MS QW`S WQP T[ S KP RTYP a T QTl QO NKjk J KLM LM PMNP` LO aaj Pm LYP VS Uj S KP MSO LQ VPOQ
S KP MRO aa M`O aP P VY QP aOSPY ST S KP R LMM LVl MRO aa M`O aP [T Q` LVl T[ S KP �WOY QOS L`O aaj S QWV`OSPY T QTl QONKj ST S KP
aLVPO Q MNP`S QO T[ S KP RTYP a NQTl VTMS L` zP aYM k J KP MNP`S QO a Y Ly WM LT V ONNaLPY aLZP OV LVYPNPVYPVS z aSP Q YTPM V XS
MKTx MW`K [POS WQP k

\WQNQLM LVl aj S KP aT Vl xOmP NOQS T[ S KP MNP`S QO q`T QQPM NT VY LVl ST S KP RTMS LRNT QSO VS RTYP a LV[T QROS LT Vu MPPRM
ST UP aPMM MP VM LS LmP ST S KP l QLY NT LVS Y Ly WM LT V S KOV ST S KP MNP`S QO a Y Ly WM LT V k �VTx LVl S KOS MNP`S QO a Y Ly WM LT V
NQPMP QmPM aT Vl xOmPM O aRTMS WVOyP`SPY x KLaP O`S LVl LV R LYY aP O VY RTMS aj OS S KP MRO aa M`O aPM T[ S KP RTYP a�

�



S KLM QPM WaS LM � WLSP WVP� NP`SPY k J KP ORNaLz `OS LT V mO aWPM UP aaTx }P QT RPOV S KOS xOmPM OQP NTM LS LmP aj ORNaLzPY
LVMSPOY T[ YORNPY LV S KP zl WQP t k cS LM S KP V Pm LYP VS S KOS PmP V mP Qj aT Vl xOmPM OQP M Ll VLz`OVS aj qO VY LVY LQP`S aj u
OyP`SPY Uj NQPMP V`P T[ S KP MNP`S QO a Y Ly WM LT V k J KLM RPOVM S KOS x LS KT WS MNP`S QO a KT QL}T VSO a Y Ly WM LT V S KP RTYP
aO QlP M`O aP LV[T QROS LT V xTWaY UP �WLSP Y LyP QP VS k J KLM S QP VY LM VTS S KOS MS QT Vl x LS K S KP l QLY NT LVS Y Ly WM LT V k
�PPNLVl LV R LVY S KOS YWQLVl S KP � KT WQM M LR WaOS LT V MNWQLT WM MRO aa M`O aP P VP Qlj xTWaY KOQY aj UP OUaP ST OyP`S
S KP aOQlP M`O aPM LV S KP STSO a O UMP V`P T[ S KP KT QL}T VSO a Y Ly WM LT V � aOMS QPMW aS ` aPOQaj MKTxM S KOS S KP l QLY NT LVS
qVT Vo aLVPOQu Y Ly WM LT V LM RT QP LV Ol QPPRPVS x LS K S KP NKjM L`O a QPO aLSjk

1 10 100
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kinetic energy spectra
41st model level
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bS S KP PVY T[ S KLM YPM` QLNS LmP MP`S LT V T[ S KP \ ]^_ � S KP LR NO`S T[ S KP M`KPRP `TRNTVPVSM x Laa UP YPRTVMS QOSPY k
bS S KP zl WQP | ZLVPS L` P VP Qlj MNP`S QO OS S KP | +

st
RTYP a aOjP Q O QP NQPMP VSPY [T Q MPmP QO a RTYP a � KT WQM OY LO UOS L`

M LR WaOS LT VM x LS K Y LyP QP VS KT QL}T VSO a Y Ly WM LT V MPSS LVlM k b aa T[ S KPR OQP QP aPmOVS ST S KP YTROLV x LS K KT QL}T VSO a
l QLY RPMK

∆x = 2.2
ZR OVY aLVPO Q S QWV`OS LT V k J KP aLVP aO UP aPY OM ���� QP�P`SM O ZLVPS L` P VP Qlj MNP`S QO [T Q S KP

M LR WaOS LT V x LS KT WS OVj KT QL}T VSO a Y Ly WM LT V k J KP QPM WaSM T[ S KP M LS WOS LT V x LS K YP[O W aS l QLY NT LVS NOQS T[ \ ]^_
qx LS KT WS MRTTS KLVl PVKOV`PRPVSu LM aO UP aPY OM �	 
��� k J KP MORP � WMS x LS K S KP MRTTSKLVl P VKOV`PRPVS qLVS KP LQ YP[O W aS mO aWPMu LM aO UP aPY OM �	 
����
�� � �� � cS LM � WLSP Pm LYP VS S KOS S KP LV� WP V`P T[ S KP l QLY NT LVS
Y Ly WM LT V ST S KP RTYP a M NP`S QO LM RO LVaj OS S KP R LYY aP M`O aPM k J KP z VP M`O aPM O QP S KPV Pm LYP VS aj LV� WPV`PY ST
S KP MNP`S QO T[ S KP RTYP a T QTl QO NKjk J KP LRNO`S T[ S KP MRTTSKLVl PVKOV`PRPVS [T Q S KP aTx M OVY � WOM LoMSPOYj
�Tx LM LV SP QR T[ l aT UO a OmP QOlP �WLSP xPP Z k J KP M NP`S QO aO UP aPY OM �	 
�������� � � ��� � LM S KP V QPMW aS
T[ S KP l QLY NT LVS O VY MWNNT QS LVl M NP`S QO a Y Ly WM LT VM k bM MO LY S KP M WNNT QS LVl Y Ly WM LT V LRNO`SM RO LV aj S KP MRO aa
M`O aP P VY k wLVO aaj OM S KP QP[P QP V`P S KP QPMW aS T[ S KP M LRWaOS LT V x LS K S KP ` aOMM L`O a M NP`S QO a Y Ly WM LT V LM NQPMP VSPY
OM ���� � �� k � VP `OV MPP � S KOS S KP RO LV Y LyP QP V`PM T[ S KP aOMS SxT OQP LV R LYY aP M`O aPM O VY aOQlP M`O aPM k
\ LV`P S KP QPYW`PY MNP`S QO a Y Ly WM LT V LM VTS LRNT QSO VS [T Q S KP NQPMP VSPY RTYP a aPmP a qx KL`K LM ` aTMP ST S KP RTYP a

�



MWQ[O`Pu � S KP aOMS SxT `WQmPM `T QQPM NT VYM x LS K S KP YP[O WaS S WVLVlM [T Q S KP \ ]^_ OVY SKP MNP`S QO a Y Ly WM LT V k

� � H� F ���� �HEH� F�FE� G�E ����

JKLM MP`S LT V SP VYM ST UP MTRPSKLVl aLZP ` QOMK `T WQMP [T Q S KTMP VTS QPO aaj LVSP QPMSPY OUT WS YPSO LaM k cS l LmPM UOM L`
LRNQPMM LT V x KOS ST YT � x KPV OMZLVl RTYP a ST O`S LmOSP S KP \]^_ k bS S KP PVY T[ S KLM MP`S LT V MTRP l WLYP aLVPM
[T Q O Vj [WQS KP Q M`KPRP SWVLVl qY LyP QP VS [ QTR YP[O WaSMu OQP l LmP V k

^T NP[Waaj T VP x Laa z VY S KP \]^_ M`KPRP mP Qj M LRNaP ST O`S LmOSP OVY ST NaOj x LS K k cS xOM OS aPOMS `TYPY x LS K
S KLM LVSP VS LT V k ^TxPmP Q MTRP aLR LSPY ZVTx aPYlP OUT WS S KP RTYP a LM MS Laa QP� WLQPY [T Q S KP LVSP QPMSPY WMP Qk J KP
T VP T[ S KP RO LV LRNT QSO V`P LM S KP ZVTx aPYlP T[ S KP O`S WO a RTYP a `j` aP [T Q x KL`K S KP M` KPRP LVSP VYM ST UP
O`S LmOSPY k J KP RO� T Q NOQS T[ S KP \ ]^_ PVSP QPY MT WQ`P `TYP YWQLVl �{r� NKOM LVl k� ^TxPmP Q S KP R LVLRO a
`j` aP QP`TRRPVYPY [T Q S KLM M` KPRP LM �{r�J + qT Q mP QM LT V UOMPY T V �{r�Jt Y LMS QLUWSPY [ QTR gQOl WPu k \ LV`P
S KLM `j` aP \ ]^_ LM P� `LP VS OVY MO[P qOS aPOMS [T Q ]b� u k \TRP RLVT Q `KOVlPM ONNPOQPY LV �{r�Jr qOM x Laa UP
NQPMP VSPY aOSP Qu k wLVO aaj S KP QP LM O KT NP S KOS [ QTR SKP �{tsJ + S KP NQT NP Q YP[O W aSM x Laa UP `TRRLSSPY ST S KP
`TYP k

^P QP LS LM O WSTROS L`O aaj M WNNTMPY S KOS S KP R LVLRO a `j` aP QP� WLQPRPVS LM MOS LMzPY k J KP MNP` Lz`OS LT VM T[ S KP
T aYP Q `j` aPM O QP VTS SO ZP V LVST O``T WVS KP QPO[SP Qk

b VTS KP Q mP Qj LRNT QSO VS NT LVS ST ZPPN LV R LVY LM S KP [O`S S KOS S KP \ ]^_ LM LVS QLVM L`O aaj aLVZPY ST S KP MPR Lo
]Ol QOVl LO V OYmP`S LT V M` KPRP k ^PV`P LS `O V UP O`S LmOSPY � WMS [T Q M W`K mOQLO U aPM [T Q x KL` K S KLM ZLVY T[ OYmP`S LT V
LM QP�WPMSPY k

�N ST VTx � YP[O WaS KT QL}T VSO a Y Ly WM LT V LM S KP MNP`S QO a T VP k JT QP NaO`P LS Uj S KP \]^_ T VP KOM ST P� NaL` LS aj
YPz VP Mx LS` K

LSLHD =
kJ f�hk LV db�_{ db VORP aLMS U aT `Z k \SO QS LVl [ QTR �{r�Jr � S KLM l aT UO a Mx LS`K

KOM UPPV MN aLS LVST LVYPNP VYPVS Mx LS`KPM [T Q MP NOQOSP T Q l QT WN T[ mO QLO U aPM qOlO LV UP aT Vl LVl ST S KP VORP aLMS
U aT ` Z db�_{ dbu x KL`K OQP �
LSLHD�W

O`S LmOS LVl \]^_ [T Q S KP KT QL}T VSO a �Tx `TRNTVPVSM �
LSLHD�T

O`S LmOS LVl \]^_ [T Q S KP SPRNP QOS WQP �
LSLHD�SPD

O`S LmOS LVl \]^_ [T Q S KP qd^u NQPMMWQP YPNOQS WQP �
LSLHD�SVD

O`S LmOS LVl \]^_ [T Q S KP qd^u mP QS L`O a Y LmP QlP V`P �
LSLHD�Q

O`S LmOS LVl \]^_ [T Q S KP RT LMS WQP zP aY �
LSLHD�O3

O`S LmOS LVl \]^_ [T Q S KP NQTl VTMS L` T}T VP z aPY �
LSLHD�PREC

O`S LmOS LVl \]^_ [T Q S KP NQTl VTMS L` NQP` LNLSOS LVl �
MNP` LPM � QO LV � MVTx OVY l QOWNP a�

LSLHD�CIW
O`S LmOS LVl \]^_ [T Q S KP NQTl VTMS L` ` aT WY L`P OVY xOSP Q�

LSLHD�TKE
O`S LmOS LVl \]^_ [T Q S KP NQTl VTMS L` J�h�

LSLHD�V
O`S LmOS LVl \]^_ [T Q S KP TS KP Q i w] mOQLO UaPM �

c[ S KP T VP T[ S KTMP Mx LS`KPM LM MPS ST kJ f�hk S KP l QLY NT LVS Y Ly WM LT V LM O`S LmOSPY [T Q S KP ONNQT NQLOSP mO QLO U aP k
cV MW`K `OMP S KP T QLl LVO a M NP`S QO a Y Ly WM LT V LM QPY W`PY qL[ P� LMSMu T Q QPMPS qLV `OMP T[ RT LMS WQPu k wT Q S KP �Tx
`TRNTVPVSM O VY S KP d^ mP QS L`O a Y LmP QlP V`P S KP MWNNT QS LVl MNP`S QO a Y Ly WM LT V T[

6th
T QYP Q LM O`S LmOSPY k

b aa S KP TS KP Q S WVLVl mOQLO U aPM [T Q S KP \ ]^_ UP aT Vl ST S KP VORP aLMS UaT ` Z db�_{ dk ^P QP LM S KP aLMS T[ O aa T[
S KPR x LS K S KP LQ NQP[P QO U aP YP[O W aSM �
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~OQLO UaP VORP _P[OWaS mO aWP _PM` QLNS LT V
SLHDA0 0.25∗

\`O aLVl NOQORPSP Q [T Q S KP YP[T QROS LT V
dLV wqYu [ WV`S LT V

SLHDB 4.
hVKOV` LVl [O`ST Q qP� NT VP VSu [T Q wqYu [WV`S k

SLHDD00 6.5E − 5∗
J KQPMKT aY [T Q YP[T QROS LT V

d
PVKOV`PRPVS

ZSLHDP1 1.7∗
wO`ST Q YPz VLVl LVYPNPVYPV`P T[

aST S KP RTYP a QPMT aWS LT V
ZSLHDP3 0.6∗

wO`ST Q YPz VLVl LVYPNPVYPV`P T[
d0ST S KP RTYP a QPMT aWS LT V

ALPHINT 0.15
cVSP QmO a T[ S KP LV� WPV`P T[ S KP OYY LS LT VO a
MRTTS KP Q [T Q KTRTlP VPT WM Y Ly WM LmP LVSP QNT aOST Q

GAMMAX0 0.15
J KP RO� LRWR xP Ll KS [T Q S KP OYY LS LT VO a
MRTTS KP Q [T Q KTRTlP VPT WM Y Ly WM LmP LVSP QNT aOST Q

SLHDKMAX 1.
J KP RO� LRWR mO aWP [T Q S KP

κ
`TP� ` LP VS

RDAMPVORS 5.
]T`O a P VKOV` LVl [O`ST Q [T Q S KP MWNNT QS LVl
M NP`S QO a Y Ly WM LT V T[ mT QS L` LSj q`T QQPMNT VYM
x LS K f_b�g~�f T[ MNP`S QO a Y Ly WM LT Vu

RDAMPDIV S 1.
]T`O a P VKOV` LVl [O`ST Q [T Q S KP MWNNT QS LVl
M NP`S QO a Y Ly WM LT V T[ Y LmP QlP V`P q`T QQPM NT VYM
x LS K f_b�g_c~ T[ M NP`S QO a Y Ly WM LT Vu

RDAMPVDS 15.∗∗
]T`O a P VKOV` LVl [O`ST Q [T Q S KP MWNNT QS LVl
M NP`S QO a Y Ly WM LT V T[ mP QS L`O a Y LmP QlP V`P q`T QQPMNT VYM
x LS K f_b�g~ _ T[ MNP`S QO a Y Ly WM LT Vu

REXPDHS 6.
� QYP Q T[ S KP MWNNT QS LVl M NP`S QO a Y Ly WM LT V
q`T QQPMNT VYM x LS K fh� g_^ T[ M NP`S QO a Y Ly WM LT Vu

SLEVDHS 0.25
wLQMS S KQPMKT aY [T Q S KP MWNNT QS LVl Y Ly WM LT V
NQPMMWQP YPNP VYPV`j M`O aPY Uj ~ gss q`T QQPMNT VYM
x LS K \]h~ _^ T[ MNP`S QO a Y Ly WM LT Vu

SLEVDHS2 0.01
\P`T VY S KQPMKT aY [T Q S KP MWNNT QS LVl Y Ly WM LT V
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