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HIJKLM NOJPQ RSST U V WN XY Z[Y\ WO] ^N_ K^N^ V` aIV V WN KJ Nb` JV ` L O ^NcN P` adNLV `e V WN V IJfIPN LV gKLNV K_N LN JMQ hWN JNOeVN J i I]V j k\l ]_WNdN m j WN KdaJ`cNdNLV `e V WN cN JV K_O P ^ Kb I] K` L KL V WN ` aN JOV K` LO P [ Z[ Hno
WO] fNNL JN_`M LKpN^ O] ` LN `e V WN Kda` JVO LV K]]IN] e` J V WN ]W` JV VN Jd aPO L] m kL`q KLM V WOV O ] Kd KPOJ q` Jg
WO] fNNL ]VO JVN^ OV rNVN`s tJOL_N e` J [ Xu\v\w[ Xu\v\s_ PKdOV hum rOJx INV OL^ \m yOp KPN l KV ]NNdN^ V` fNP`M K_O P V` i ` KL V WN ]OdN JN]NO J_ W ]V JNOd q KV W V WNd U NcNL q KV W Nz aN_VOV K` L V WOV V WN { LO P O aaPK_OV K` L d KM WV fN^ KbN JN LV e` J [ Z[ Hno OL^ e` J [ Xu\v\m HIJKLM V WN _`dd`L aPO LLKLM `e ] I_W O_V K` L V WN Vq` gNQ xIN]V K` L]
WO] fNNL JO K]N^ m j` gL`q VWN KJ _` JJN_V O L]qN J K] `e aJKdOJQ Kda` JVO L_N e` J V WN j k\ ]_WNdN KdaPNdNLVOV K` LOV V WN cOJK` I] ]_O PN] O L^ ` aN JOV K` LO P _` L{M IJOV K` L m j WN x IN]V K` L] OJN |

} m ~ ��� �� ��� ���� �� ��� ��� ��������� � ��� ���� ��� �� � � ���� ���������� ��� ��� ��
���� � HIN V` O cN JQ P` _O P _WOJO_VN J O L^ ]W` JV V KdNs]_O PN `e V IJfIPN L_N V WN O^cN_V K` L `e j k\ ]W` IP^fN I]N^ q KV W O ]aN_ KO P _O JN KL LIdN JK_O P d`^N P] m � WNL W` JKp` LVO P JN]` PIV K` L OL^ V KdN ]VN a ] KM LK{_OLV PQNz_NN^ V WN _WOJO_VN JK]V K_ ] KpN O L^ V KdN ]_O PN] `e V WN V IJfIPN L_N U V` O^cN_V j k\ ]NNd] V` fN aWQ] K_O PPQ
aJ` fPNdOV K_ m n^NO PPQ V WN OL]qN J `e V WK] x IN]V K` L ] W` IP^ M KcN KdaJN]] K` L Of` IV O V WJN] W` P^ JN]` PIV K` L OL^
V KdNs]VN a e J`d q WK_ W KV K] q` JV W V` I]N j k\ O] O^cN_VN^ {N P^ m

R m ~ ��� �� ��� ���� �� �������� � ������������� ��� � ��� ������� j WN JN OJN O PqOQ] cO JK` I]O PVN JLOV KcN] W`q V` ^ K_ JNV KpN O M KcN L ]_WNdN m j WN fN]V _O]N K] `e _` IJ]N I] KLM ]I_W ]VOMMN JKLM e` J
q WK_ W i I]V d KLKdO P PNcN P _` LcN J] K` L hWO Pe V` e I PP ` J c K_N cN J]Ol `e O M KcN L Od`ILV K] LNN^N^ m j WK] K]N]aN_ KO PPQ Kda` JVO LV KL V WN _O]N `e V IJfIPN L_N VO gKLM KLV` O__` ILV KV] cN JQ P` _O P _WOJO_VN J O L^ MN LN JO PPQIL]VO f PN fN WOc K` J KL LIdN JK_O P d`^N P] m uJNc K` I] KdaPKN] e` PP`q KLM xIN]V K` L] | �W` IP^ V WN ]VOMMN JKLM fN
`e aJKdOJQ Kda` JVO L_N e` J V WN ]_ WNdN KdaPNdNLVOV K` L� n] V WN aN Je` JdOL_N `e O ]_WNdN I] KLM O^^ KV K` LO PPNcN P _` LcN J] K` L ] KM LK{_OLV PQ q` J]N V WOL `e V WN ]_ WNdN hfO]N^ ` L V WN ]OdN ]_ KN LV K{ _ O]]IdaV K` L]lKd aPNdNLVN^ q KV W` IV OLQ _` LcN J] K` L�

j WN O Kd `e V WK] JN a` JV K] V` M KcN OL]qN J V` V WN ]N_` L^ xIN]V K` L m � KL_N V WN j k\ ]_WNdN e` J [ Xu\v\w[ Xu\v\s_ PKdOV WO] fNN L e` JdIPOVN^ OV WO Pes PNcN P] KV K] N]aN_ KO PPQ Kda` JVO LV e` J PKd KVN^ OJNO d`^N P] V` gL`q q WNV WN JKV K] a`]] KfPN V` JNe` Jd IPOVN KV e` J V WN eI PP PNcN P] m kL`q KLM V WOV V WN d`^N P O^cN_V K` L K] ^N] KM LN^ V` fN OaaPKN^
V` eI PP PNcN P] x IOLV KV KN] U V WK] O L]qN J K] `e aJKdOJQ Kda` JVO L_N e` J ]dO PP ]_O PN ] Kd IPOV K` L q WN JN I]N `e j k\O^cN_V K` L K] O LV K_ KaOVN^ m
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[ PP V WN VN]V] aJN]N LVN^ WN JN qN JN ` fVO KLN^ q KV W V WN [ Xu\v\wO PO^ KL ] KLM PN _` PIdL d`^N P hWN JNOeVN J O] �Yrl
huKJK` I NV O PmU RSSRl m j WK] cN J] K` L `e V WN eI PP [ Xu\v\wO PO^ KL _`^N K] cN JQ I]NeI P e` J ]V I^ KN] `e aWQ] K_O P aO_ gOMN^ IN V` KV] }H _WOJO_VN Jm

j WN �Yr Nz aN JKdN LV] qN JN PO IL_WN^ Nz_ PI] KcN PQ q KV W V WN ]N_` L^ v[ yZ� hv \� \¢ [Vd`]aWN JK_ y` IL^OJQZOQN J �V I^Ql Nz aN JKdNLV aJ`{ PN h�cNL]]` L U RSSTl m j WK] Nz aN JKdN LV qO] I]N^ e` J KLVN Js_`daOJK]` L `e cN JV K_O P^ Kb I] K` L ]_WNdN] e J`d LIdN J` I] ` aN JOV K` LO P ` J JN]NO J_ W d`^N P hYIzOJV OV O PmU RSSTl KL_ PI^ KLM V WN ` aN JOV K` LO P^ Kb I] K` L ]_ WNdN `e [ Xu\v\m Z`M K_O PPQ q WN L V WN j k\ ]_WNdN ]VO JVN^ V` fN OcO KPO f PN e` J [ Xu\v\w[ Xu\v\s_ PKdOV aWQ] K_] V WN v[ yZ� nn Nz aN JKdNLV fN_OdN ` LN `e KV] cO PK^OV K` L V`` P] m j WN JN]I PV] aJN]N LVN^ WN JN JN£N_V
¤



V WN ]VOVN e J`d �_V` fN J RSST m nV ]NNd] V WOV V WN e` J_ KLM `e V WN v[ yZ� nn Nz aN JKdN LV _` L^ KV K` L ]V KPP ] IbN J] fQ]`dN dKL` J aJ` fPNd] KL V WN I]N^ �Yr KdaPNdNLVOV K` L m j WK] _OL PNO^ V` ]`dN `]_ KPPOV` JQ fNWOc K` J fNVqNN L
R� OL^ �S W` IJ] q WN JN V WN cN JV K_O P cN P` _ KVQ e` J_ KLM K] O aaPKN^ m� � KL_N V WN aIJa`]N `e V WK] q` Jg K] dO KL PQ V`]V I^Q LIdN JK_] `e V WN j k\ ]_WNdN U V WN cN J] K` L q KV W fIMMN^ e` J_ KLM K] _` L] K^N JN^ O] ] I� _ KN LV VN]V fN^ e` J
V WN VN]V] m \] aN_ KO PPQ gL`q KLM V WOV KL V WN �H d`^N P ]`dN `]_ KPPOV` JQ fN WOc K` J `e j k\ ]_WNdN _OL fN aJN]N LV
hKd a`]N^ aJ` fOfPQ fQ `V WN J aWQ] K_O P aOJOdNVN JKpOV K` L]l m
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[] dNLV K` LN^ fNe` JN V WN �Yr cN J] K` L `e [ Xu\v\w[ Xu\v\s_ PKdOV j k\ ]_WNdN K] I]N^ q KV W V WN v[ yZ� nn
Nz aN JKdN LV ^OVO m j WN ]_ WNdN K] ]_ KN LV K{ _O PPQ ]OdN O] V WN ` LN e J`d rN]`so� hY IzOJV OV O PmU RSSS OL^ j WN
rN]`so� �_KN LV K{ _ H`_IdNLVOV K` L U RSS }l i I]V KdaPNdN LVN^ q KV W NzV JO _O JN q KV W JN] aN_V V` V WN LIdN JK_O P]VO fKPKVQm nL ` J^N J V` Oc` K^ ILLN_N]]O JQ PNcN P _` LcN J] K` L KV K] e` JdIPOVN^ ` L WO Pe PNcN P] m j WK] ]_WNdN q`Jg] qN PP
q KV W ]OV K]eO_V` JQ ]VO fKPKVQm �N JN OeVN J KV K] JNeN JJN^ O] V WN WO Pes PNcN P] h�Zl ]_ WNdN m

j` _`daOJN O aN Je` JdOL_N `e V WN �Z ]_WNdN q KV W O ]_WNdN WOc KLM j k\ OcO KPO fPN ` L eIPP PNcN P] O ]aN_ KO P VN]V
WO] fNN L _ JNOVN^ m �Iaa`] KLM V WOV V WN �Z ]_WNdN q`Jg] { LN V WN eIPPs PNcN P cN J] K` L qO] ` fVO KLN^ fQ OL O^^N^NzV JO _` LcN J] K` L `e j k\ V` eIPPs PNcN P] m [ eVN J O PP V WN V IJfIPN L_N _`daIVOV K` L OV O M KcN L V KdNs]VN a K] _`daPNVN^ U
V WN j k\ OL^ j k\ VNL^NL_Q OJN KLVN Ja` POVN^ e J`d WO Pe PNcN P] V` eI PP PNcN P] m j WOL fNe` JN V WN LNzV V KdNs]VN a
aWQ] K_] _`daIVOV K` L V WN eI PP PNcN P j k\ K] _` LcN JVN^ fO_g V` V WN WO Pe PNcN P] m j WK] V JNOVdNLV aJN]N JcN] V WNO^cOLVOMN `e V WN ` JKM KLO P ]VO f PN j k\ e` JdIPOV K` L q WKPN dOgKLM j k\ OcO KPO fPN ` L eI PP PNcN P] m j WN KLVN Ja` POV K` LI]N^ e` J _` LcN J] K` L K] JOV WN J ]VO L^OJ^ ` LN | j` _` LcN JV e J`d eIPP PNcN P] V` WO Pe O ] KdaPN OcN JOM KLM K] I]N^ |

TKE
l̃
= 0.5(TKEl−1 + TKEl) .

j WN j k\ OV f` IL^ KLM PNcN P] K] ]NV V` pN J` | TKE
0̃

= TKE
L̃

= 0
m j WN fO_gqOJ^ _`daIVOV K` L e J`d WO Pe V`

e I PP PNcN P] I]N] V WN ` fc K` I] qN KM WV] α h��� l O L^ δ h��� l |

TKEl =
δl − αl

δl

TKE
l̃−1

+
αl

δl

TKE
l̃

j WN IaaN Jd`]V KLVN Ja` POV K` L K] V JNOVN^ O]QddNV JK_O PPQ O] |

TKE1 =
α1

δ1

TKE
1̃

,

V WN P`qN]V e I PP PNcN P V WN L aJN]N JcN] V WN e JNN OVd`]aWN JN P`qN J f` IL^OJQ _` L^ KV K` L e` J j k\U ]` KV K] i I]V |

TKEL = TKE
L̃−1

j WN ]OdN _` LcN J] K` L he J`d WO Pe V` e I PP PNcN P]l K] O aaPKN^ V` V WN j k\ VNL^N L_ KN] O] qN PPm j WN _`daIVOV K` L^N]_ JKfN^ Of`cN q KV W NzV JO _` LcN J] K` L] e` J NcN JQ V KdNs]VN a K] WN JNOeVN J JNeN JJN^ O] e I PP PNcN P htZl Nz aN JKdN LV m
h� e _` IJ]N V WK] cN JQ fO] K_ OJJO LMNdNLV ] W` IP^ L`V fN _` L] K^N JN^ O] e` JdIPOV K` L `e V WN eI PP PNcN P j k\ ]_WNdN mnV K] JOV WN J ]aN_ KO P aIJa`]N VN]V V` ]W`q KdaO_V `e V WN O^^ KV K` LO P PNcN P _` LcN J] K` L V` V WN d`^N P JN] IPV] ml

j WN v[ yZ� nn Nz aN JKdNLV q KV W �Yr K] aN Je` JdN^ e` J V WN P`q OVd`]aWN JN hfN PP`q T gd WN KM WVl m jq` PNcN P]]NVV KLM] OJN I]N^ q KV W ^ KbN JN LV cN JV K_O P JN]` PIV K` L | }SS PNcN P] ^ K]V JKfIV K` L OL^ ]`s_O PPN^ � } PNcN P] ^ K]V JKfIV K` L m
j WN { J]V ` LN ^N]_ JKfN J` IM WPQ V WN � gd WKM W OVd`]aWN JN fQ }SS d`^N P PNcN P] q KV W JN]` PIV K` L cOJQ KLM e J`d R
dNVN J] LNOJ V WN ]IJeO_N OL^ OJ` IL^ }SS dNVN J] ` L V WN V` a m j WN ]N_` L^ ` LN I]N] V WN ]OdN PNcN P ^ K]V JKfIV K` LO] V WN ` aN JOV K` LO P [ Xu\v\ VWI] KV WO] i I]V }� PNcN P] fN PP`q T gd dNOLKLMeI P e` J V WK] ] KdIPOV K` L m
[] V WN ^ KOM L`]V K_ JN] IPV] ]NcN JO P {N P^] q`IP^ fN I]N^ |

} m j WN f` IL^OJQ POQN J WN KM WV JNx IN]VN^ fQ V WN v[ yZ� nn Nz aN JKdN LV O] | V WN WN KM WV U q WN JN V WN cO PIN `e
√

(uv + vw)2 eO PP] V` �T� `e KV] ]IJeO_N cO PIN U ^ Kc K^N^ fQ S m�T m
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R m j WN j k\ KV]N Pe OV cOJK` I] d`^N P PNcN P]

j WN { J]V ` LN K] O cN JQ ]N L] KV KcN ^ KOM L`]V K_] m nV WO] V WI] V WN a`VN LV KO P V` KPPI]V JOVN V WN `cN JO PP ]_ WNdN aN Je` JdOL_NKL ` LN ] KdaPN _IJcN m
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�IJaJK] KLM PQ V WN �Z OL^ tZ ]_WNdN] OJN aJ`^I_ KLM cN JQ ] Kd KPO J JN] IPV] q WN L I]N^ q KV W V WN ` fc K` I] V KdNs]VN a
hK mN m ∆t�

�SS] e` J V WN Z}SS Nz aN JKdN LV OL^ ∆t��SS] e` J V WN Z� } ` LNl m nV K] x IKVN qN PP KPPI]V JOVN^ fQ {M IJN }U
q WN JN V WN uyZ WN KM WV K] ^ K] a POQN^ O] eIL_V K` L `e V KdN m �N JN KV K] Nc K^N LV V WOV V WN tZ e` JdIPOV K` L VN L^] O fKV
V` ]d``VW V WN KLe` JdOV K` L U q WK_ W _OL fN ]`dNV KdN] aJ`{VOfPN hJNd`c KLM V WN ILJNO PK]V K_ aNO g OV OJ` IL^ RRL^
W` IJ KL Z� } Nz aN JKdNLVl OL^ ]`dNV KdN] L`V h{ PPKLM fKV V WN cO PPNQ OV OJ` IL^ �RL^ W` IJ q KV W V WN Z� } ]NVV KLMl m
j WK] eO_V _`d KLM e J`d VWN O^^ KV K` LO P KLVN Ja` POV K` L ]W` IP^ L`V fN ]IJaJK] KLM m � WOV K] W`qNcN J ]IJaJK] KLM K] V WN
a`VN LV KO P `e V WN tZ ]_WNdN V` JNd`cN V WN ] W` JV V KdN `]_ KPPOV K` L m [] KPPI]V JOVN^ fQ p``dN^ OJNO fNVqNN L }SV WOL^ RRL^ W` IJ] `e KLVNM JOV K` L h{M IJN Rl U KV K] Nc K^N LV V WOV V WN Z}SS ]NVV KLM VN L^] V` aJ`^ I_N R∆t

qOcN] m j WNO^^ KV K` LO P KLVN Ja` POV K` L V WOL aJO_V K_O PPQ JNd`cN] V W`]N { fJKPPOV K` L] m j WK] _OL fN ] IJN PQ _` L] K^N JN^ O] NzV JOx IO PKVQ O^^N^ fQ V WN O^^ KV K` LO P KLVN Ja` POV K` L m

[] V WN �Z ]_WNdN WO] fNNL ^N] KM LN^ dO KL PQ e` J V WN ]VO fKPKVQ JNO]` L] V WN V KdNs]VN a qO] NzVN L^N^ KL V WN eIJV WN J
VN]V] m j WN KLVN LV K` L qO] V` ]NN ^ KbN JN L_N] KL ]VO fKPKVQ `e V WN Vq` _`daOJN^ ]_ WNdN] m [] aJN]N LVN^ fQ {M IJN �
V WN Z}SS ]NVV KLM] ]VO JV] V` Nz WKfKV ]`dN aJ` fPNd] q KV W V KdNs]VN a ∆t��SS] m �N JN OMO KL V WN p``dN^ uyZ WN KM WVO] O eIL_V K` L `e V KdN K] ] W`q Lm \]aN_ KO PPQ V WN LKM WV V KdN q KV W qNOgN J ^ Kb I] K` L O_V Kc KVQ ]W`q] O ]N L] KV Kc KVQ V`
V WN NzVN L^N^ V KdNs]VN a V WN JN m nV ] W` IP^ L`V fN ] IJaJK] KLM V WOV KL V WK] _O]N V WN `]_ KPPOV K` L] `e j k\ _`daIVN^fQ �Z ]_WNdN OJN eIJV WN J OdaPK{N^ fQ KLVN Ja` POV K` L e` J V WN tZ e` JdIPOV K` L h]W`q L KL V WN JKM WV aOJV `e {M IJNl m
� L V WN `V WN J WOL^ V WN tZ cN J] K` L ]V KPP ]NNd] V` WOcN PN]] aJ` fPNd] q KV W V WN { fJKPPOV K` L] hPNeV aOJV `e V WN {M IJN
�l m tIJV WN J NzVN L] K` L `e V WN V KdNs]VN a PNO^] V` OL IL]VO f PN fNWOc K` J e` J f`V W _`daOJN^ cN J] K` L] m

j WN ] Kd KPOJ Nz aN JKdNLV aN Je` JdN^ q KV W V WN Z� } PNcN P] ^ K]V JKfIV K` L i I]V _` L{ Jd] aJNc K` I] JN] IPV] m tKM IJN] �
OL^ T ]W`q VWN V KdN Nc` PIV K` L `e j k\ e` J ]NcN JO P d`^N P PNcN P hWO Pe ` J e IPPl _` ILVN^ e J`d VWN ]IJeO_N m nV] W` IP^ L`V fN V`` ] IJaJK] KLM V WOV V WN Of]` PIVN cO PIN] `e NzV JNdN] KL �Z e` JdIPOV K` L OJN ]d``V WN^ fQ V WN
tZ e` JdIPOV K` L m j WK] WO] ]`dN ] KM LK{_OL_N LOdN PQ OV V WN fNM KLLKLM `e V IJfIPN L_N O_V Kc KVQ aN JK` ^ U q WNL V WN
tZ ]_WNdN ] KM LK{_OLV PQ ]d``V WN] V WN L` K]N m � L V WN `V WN J WOL^ U V WN NbN_V `e KLVN Ja` POV K` L WO] O P]` ]`dN^NV JKdNLVO P ] K^N NbN_V m [] _OL fN ]NN L OJ` IL^ TTV W W` IJ O ]dO PP WKPP K] _ JNOVN^ OV TV W PNcN P hZTl `e V WN �Z
]_WNdN m j WK] aJ` fOfPQ LIdN JK_O P aJ` fPNd K] gN aV ]N aOJOVN^ e J`d VWN JN]V `e V WN d`^N PU ]` KV ^ KN] OeVN J ]`dN
V KdN m j WK] K] L`V V WN _O]N e` J V WN tZ e` Jd IPOV K` L U q WN JN V WN KLVN Ja` POV K` L eIJV WN J ]aJNO^] V WN WKPP V` V WNO^i O_N LV PNcN P] m [ PV W` IM W KV K] ^Q KLM q KV W OJ` IL^ V WN ]OdN V KdN aN JK`^ U V WN KdaO_V `e V WK] ` JKM KLO PPQ i I]V P` _O PKL]VO fKPKVQ _OL fN xIKVN ] KM LK{_OLV e` J ]`dN JN POVN^ {N P^] m j` KPPI]V JOVN aJNc K` I] V WN KdaO_V V` V WN uyZ WN KM WVK] ]W`q L `L {M IJN � m �N JN V WN tZ e` JdIPOV K` L _ JNOVN] ^ KbN JN L_N fKMMN J V WOL }SS� `e V WN JNeN JN L_N cO PIN m []O P]` aJN]N LVN^ V WN JN U V WN �Z ]_WNdN q KV W NcN L P` LMN J V KdNs]VN a ^`N] L �V ]NNd V` OdaPKeQ V WN aJ` fPNd KL ]I_WO qOQ V` fN c K] KfPN fQ uyZ WN KM WV m

�V WN Jq K]N U ` L_N V WN �Z K] ]VO f PN U V WN tZ ` LN gNNa] V WN ]OdN ]VOfKPKVQm [ L^ c K_N cN J]O U q WN L V WN �Z e` Jd IPOV K` L]W`q] ]VO fKPKVQ aJ` fPNd KV K] O P]` aJ` fPNd e` J V WN tZ ]_WNdN m j WK] ]W` IP^ L`V fN ] IJaJK] KLM gL`q KLM V WOV V WN
e` JdIPOV K` L K] V WN ]OdN U i I]V V WN tZ K] NzVN L^N^ fQ O^^ KV K` LO P KLVN Ja` POV K` L hq WK_W K] `e _` IJ]N Of]` PIVN PQ]VO f PN KL V KdNl m
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