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Source of fascination (since long ago)
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Turbulence is ...

Source of fascination (since long ago)

Consequence of the nonlinear nature of advection,
enabling interaction between motions on different spacial
scales (toward large and smaller scales)

Rotational and fully 3D phenomena, unpredictable in
detail

Dissipative - has to be constantly supplied by an energy

In atmosphere it is responsible for momentum transport
and scalar mixing, both several orders of magnitude
greater than molecular diffusion
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Atmospheric turbulence

Dominating force in PBL
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Atmospheric turbulence

Dominating force in PBL

Important for other areas:

Top of stratiform cloud area (in presence of cloud)

Orographic obstacles (in presence of specific flow
condition)

Jet-streams, CAT, ...
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Atmospheric turbulence

Dominating force in PBL

Important for other areas:

Top of stratiform cloud area (in presence of cloud)

Orographic obstacles (in presence of specific flow
condition)

Jet-streams, CAT, ...

Plays role to nearly all effects with timescale shorter
than ≈ 1 hour
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1D versus 3D approach

NWP models: ∆x ≫ ∆z

∂Ψ
∂x

< ∂Ψ
∂z

quasi-horizontal homogenity is assumed (Ψ = 〈Ψ〉x)

horizontal and vertical scales are separated

sub-grid scales are parametrized as 1D processes
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1D versus 3D approach

NWP models: ∆x ≫ ∆z

∂Ψ
∂x

< ∂Ψ
∂z

quasi-horizontal homogenity is assumed (Ψ = 〈Ψ〉x)

horizontal and vertical scales are separated

sub-grid scales are parametrized as 1D processes

But:
⇒ Applying simple scale analysis to turbulent processes it is
evident that from ∆x ≈ 104 m the horizontal (KU/L2) and
vertical (KU/H2) components might be of comparable
effects
⇒ horizontal component can’t be neglected - usually treated
within the so called horizontal diffusion scheme
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Horizontal diffusion in NWP

Linear (super)diffusion with increased viscosity
Fh = Kh∇rΨ with Kh = ν + νN = const., r = 2, 4, ..
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Horizontal diffusion in NWP

Linear (super)diffusion with increased viscosity
Fh = Kh∇rΨ with Kh = ν + νN = const., r = 2, 4, ..

Smagorinsky (1963)

Fx = (kH∆)2
(

∂
∂x(|D|DT ) + ∂

∂y (|D|DS)
)

Fy = (kH∆)2
(

∂
∂x(|D|DS) − ∂

∂y (|D|DT )
)

with DT = ∂u
∂x − ∂v

∂y , DS = ∂v
∂x + ∂u

∂y and |D| =
√

D2
T + D2

S
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Non-linear models (MM5,...)
Fh = C∆2K∇rΨ
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Horizontal diffusion in NWP

Linear (super)diffusion with increased viscosity
Fh = Kh∇rΨ with Kh = ν + νN = const., r = 2, 4, ..

Smagorinsky (1963)

Fx = (kH∆)2
(

∂
∂x(|D|DT ) + ∂

∂y (|D|DS)
)

Fy = (kH∆)2
(

∂
∂x(|D|DS) − ∂

∂y (|D|DT )
)

with DT = ∂u
∂x − ∂v

∂y , DS = ∂v
∂x + ∂u

∂y and |D| =
√

D2
T + D2

S

Non-linear models (MM5,...)
Fh = C∆2K∇rΨ

with K = K0 + 0.5κ∆|D| and r=2,4

Not very consistent with the (vertical) turbulence
parametrization
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Is the inconsistency a problem?

Linear theory is not very appropriate for high resolutions
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Is the inconsistency a problem?
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24h accumulated

precipitation for the

23/06/2006
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Is the inconsistency a problem?

Linear theory is not very appropriate for high resolutions

Increased sophistication of turbulence parametrization
(triggering, moist processes,...) should be reflected by
the horizontal component

Evidence that simulated convection is strongly related to
the model viscosity

Consistent 3D turbulence helps to reduce too intense
precipitation maxims and timing of convection (UKMO
experience)

Deformations based models (i.e. Smagorinsky type)
assume only balance between mechanical production
and dissipation. What about the buoyancy?

ALARO-1 Working Days, Budapest, February 2010 – p. 6



More consistent 3D approach

Three dimensional K-theory
∂Ψ̄
∂t + ... = ∂τiΨ

∂xi
+ ...

τiΨ =







Km

(
∂ūi

∂xj
+ ∂ūj

∂xi

)

when Ψ = uj

KΨ

(
∂Ψ̄
∂xi

)

for any other case.
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More consistent 3D approach

Three dimensional K-theory
∂Ψ̄
∂t + ... = ∂τiΨ

∂xi
+ ...

τiΨ =







Km

(
∂ūi

∂xj
+ ∂ūj

∂xi

)

when Ψ = uj

KΨ

(
∂Ψ̄
∂xi

)

for any other case.

But this requires that ∆x ≈ ∆y ≈ ∆z

⇒ suitable for models with uniform and (truly) high resolution
(LES,...)
To make it still applicable to less favorable model geometries
(like those used for NWP) some extra work (or assumptions)
are required...
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3D approaches for NWP models

Introduce a 1D sub-model
Phenomenological model describing the 3D turbulence
along a 1D line.
ex: ODT (one dimensional turbulence) model defining
∂u′

i

∂t − ν ∂2u′

i

∂x2 = 0 with u′

i(x) = u′

i(f(x)) + ciK(x) representing

the influence of eddies reaching the location x and a
momentum-conserving modification of the velocity
profiles that implements energy transfer among velocity
components. The 3D ui is then corrected with respect of
u′

i from the ODT.

ALARO-1 Working Days, Budapest, February 2010 – p. 8



3D approaches for NWP models

Introduce a 1D sub-model

ALARO-1 Working Days, Budapest, February 2010 – p. 8



3D approaches for NWP models

Introduce a 1D sub-model

Dynamic modelling (to at least horizontal part)
Introducing second filter 〈...〉f = α · .̄.. and assuming the
turbulence model independence with respect to actual
filtration, the exchange coefficients can be dynamically
adjusted.
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3D approaches for NWP models

Introduce a 1D sub-model

Dynamic modelling (to at least horizontal part)

Assume something about the flow

stationary (invariant with respect to transition in time)

homogeneous (invariant with respect to translation in
space)

isotropic (invariant with respect to rotation)

⇒ The aim is not to entirely apply all three of them.
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Aladin: Spectral diffusion

General form of linear horizontal diffusion applied to Ψ (with
r being even number and K = const.):

∂Ψ

∂t

∣
∣
∣
∣
diff

= −(−1)
r
2 K∇rΨ
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Aladin: Spectral diffusion

General form of linear horizontal diffusion applied to Ψ (with
r being even number and K = const.):

∂Ψ

∂t

∣
∣
∣
∣
diff

= −(−1)
r
2 K∇rΨ

In ALADIN it can be easily evaluated in spectral space.
The discretized formula for diffusion then becomes:

Ψ+ − Ψ−

∆t

∣
∣
∣
∣
diff

= −exp(−0.5πi r )

(2π) r

[

L2
x

M2
+

L2
y

N 2

] r
2

H g(l) ∇ r Ψ+

with: H = RRDXTAU
(1+0.5rnlginc)

2.5[∆X]gp RDAMP[Φ]
and r = REXPDH
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Aladin: Spectral diffusion (summary)

Unconditionally stable

Full freedom for tuning

Efficient

Preserves mean (conservativeness)
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Aladin: Spectral diffusion (summary)

Unconditionally stable

Full freedom for tuning

Efficient

Preserves mean (conservativeness)

Destroying atmospheric balance

Affected by extension zone

Can be used to just spectral fields

Difficulty with sloped coordinate

Domain dependent

Not very physical in terms of representing turbulence
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Aladin: SLHD

General form of model equation

dΨ

dt
= LΨ + N + F

To evaluate Ψ+ using 2TL SISL scheme one needs to solve:

Ψ+
F =

(

1 − ∆t

2
L

)
−1







(

1 +
∆t

2
L

)

Ψ0
O + ∆tF0

O +
∆t

2
N ∗

O

︸ ︷︷ ︸

I

+
∆t

2
N ∗

F







SLHD grid point diffusion is defined when

I = IA + κ ( ID − IA)
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Aladin: SLHD

Definition of kappa

κ = κ(|D|, DIVH ,∆t,∆x)

ALARO-1 Working Days, Budapest, February 2010 – p. 12



Aladin: SLHD

Definition of kappa

κ = κ(|D|, DIVH ,∆t,∆x)

Triggering by DIVH :
Triggering based on DIVH physically important only for strongly incompressible cases.

But it is a common trick to simulate the non-linear interactions between inertia-gravity waves

and rotational motion, preventing the spurious accumulation of inertia-gravity wave energy

near the cut-off wavenumber.

Additionally it is believed to help for the convergence areas, where the origin of the SL

trajectory is not defined unambiguously.
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Definition of kappa

κ = κ(|D|, DIVH ,∆t,∆x)

Triggering by DIVH :
Triggering based on DIVH physically important only for strongly incompressible cases.

But it is a common trick to simulate the non-linear interactions between inertia-gravity waves

and rotational motion, preventing the spurious accumulation of inertia-gravity wave energy

near the cut-off wavenumber.

Additionally it is believed to help for the convergence areas, where the origin of the SL

trajectory is not defined unambiguously.

The |D| and DIVH can be optionally evaluated along true
p-surfaces (using chain rule to evaluate horizontal
derivatives) in order to prevent spurious circulation above
sloped terrain.

ALARO-1 Working Days, Budapest, February 2010 – p. 12



Aladin: SLHD

Definition of diffusive interpolator ID

General two-parametric interpolator
Restricted to at least 2nd order accuracy, leaving just one tunable to control the

interpolation property.

SLHD defined by making this tunable proportional to κ.

Stability within stability limits of the SL scheme.

Response slightly dependent to the O-point position with respect to model mesh.

Acting in a way comparable to the 4th order diffusion
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Definition of diffusive interpolator ID

General two-parametric interpolator
Restricted to at least 2nd order accuracy, leaving just one tunable to control the

interpolation property.

SLHD defined by making this tunable proportional to κ.

Stability within stability limits of the SL scheme.

Response slightly dependent to the O-point position with respect to model mesh.

Acting in a way comparable to the 4th order diffusion

Laplacian smoother transported to weights
ỹ = (1 + ε∆x2∂2

x)y

= (1 + ε∆x2∂2
x)w1(y1 − y0) + w2(y2 − y0) + w3(y3 − y0)

= w̃1(ε)(y1 − y0) + w̃2(ε)(y2 − y0) + w̃3(ε)(y3 − y0)

Only conditionally stable (explicit)

Model implementation distinguishes between εH and εV
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Aladin: SLHD

Definition of diffusive interpolator ID

General two-parametric interpolator
Restricted to at least 2nd order accuracy, leaving just one tunable to control the

interpolation property.

SLHD defined by making this tunable proportional to κ.

Stability within stability limits of the SL scheme.

Response slightly dependent to the O-point position with respect to model mesh.

Acting in a way comparable to the 4th order diffusion

Laplacian smoother transported to weights
ỹ = (1 + ε∆x2∂2

x)y

= (1 + ε∆x2∂2
x)w1(y1 − y0) + w2(y2 − y0) + w3(y3 − y0)

= w̃1(ε)(y1 − y0) + w̃2(ε)(y2 − y0) + w̃3(ε)(y3 − y0)

Only conditionally stable (explicit)

Model implementation distinguishes between εH and εV

Combination of both

ALARO-1 Working Days, Budapest, February 2010 – p. 13



Aladin: SLHD (summary)

More realistic (non-linear)

Local and 3D character

Applicable to any advected field

Stability within the limits of SL stability
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Aladin: SLHD (summary)

More realistic (non-linear)

Local and 3D character

Applicable to any advected field

Stability within the limits of SL stability

Limited tuning

Needs time (few time-steps) to develop an adequate

response

Control of orography triggered noise needs a special care
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General rules for 3D turbulence in Aladin

Profit from SL advection - natural separation between
transport and sub-grid turbulent effects
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General rules for 3D turbulence in Aladin

Profit from SL advection - natural separation between
transport and sub-grid turbulent effects

Benefit from spectral representation of model fields -
efficient and flexible spacial filtering (including
derivatives)

Require smooth transition from 1D to 3D approaches -
activating horizontal part on insufficient resolution should
bring no effect

Remain reasonably efficient and stable - stay bellow
10% of additional model cost (including implications
to ∆t)
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Proposed 3D turbulence scheme

∂Ψ

∂t
+ .... = −KH

∂2Ψ

∂x2
− KH

∂2Ψ

∂y2
− ∂

∂z

(

KV
∂Ψ

∂z

)

− KNumD(Ψ)
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Proposed 3D turbulence scheme

∂Ψ

∂t
+ .... = −KH

∂2Ψ

∂x2
− KH

∂2Ψ

∂y2
− ∂

∂z

(

KV
∂Ψ

∂z

)

− KNumD(Ψ)

where

KH = KH(x, y, z, t) but we assume ∂KH

∂x + ∂KH

∂y = 0

∇2
HΨ is evaluated by the SLHD smoother

KV 6= KH

KV and KH are derived in a consistent way (QNSE?):

Km,V = LKCK

√
eχ3(Ri)

Kh,V = LKCKC3
√

eφ3(Ri)
⇒ Km,H = LH

KCK

√
eχH(Ri)

Kh,H = LH
KCKC3

√
eφH(Ri)

(more in TOUCANS presentations later in this week...)
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Issues to be addressed

Where to treat KH with respect to SL trajectory:
KH(e′+F )∇2Ψ−

O versus KH(e−O)∇2Ψ−

O
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Issues to be addressed

Where to treat KH with respect to SL trajectory:
KH(e′+F )∇2Ψ−

O versus KH(e−O)∇2Ψ−

O

How to interpolate the physics:

Ψ+
F =

(
1 − ∆t

2
L

)
−1








(

1 +
∆t

2
L

)

Ψ0
O

︸ ︷︷ ︸

ID

+∆tF0
O

︸ ︷︷ ︸

I?

+
∆t

2
N ∗

O

︸ ︷︷ ︸

IL

+∆t
2
N ∗

F
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Should we set LK = LH
K? How to then ensure the smooth

1D ⇔ 3D transition?
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F








Should we set LK = LH
K? How to then ensure the smooth

1D ⇔ 3D transition?

What to do with the numerical diffusion (SLHD)?
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Conclusion

The proposed scheme is designed with respect to
existing constraints, mainly model spatial and temporal
resolutions.
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resolutions.

The numerical robustness and efficiency is also an
issue. The expected overhead is around 3%-5%.

Most of the components exist, but still some work to be
done.

Although the presented scheme was mainly aiming to
complete the TOUCANS scheme, the horizontal part can
be easily used with other vertical diffusion scheme.
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Conclusion

The proposed scheme is designed with respect to
existing constraints, mainly model spatial and temporal
resolutions.

The numerical robustness and efficiency is also an
issue. The expected overhead is around 3%-5%.

Most of the components exist, but still some work to be
done.

Although the presented scheme was mainly aiming to
complete the TOUCANS scheme, the horizontal part can
be easily used with other vertical diffusion scheme.

Time to include the diabatic tendency (from turb) to w.
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